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ABSTRACT

Most production functions are often nonlinear in parameters and difficult to linearise.
The major shortcomings of the classical approach in estimating such parameters are
varying complex inter- parametric relationship, parameters estimates and their standard
errors taking infeasible values in the process of iteration. Even when the initial values
are carefully selected, the parameters of such models remain difficult to estimate often
yielding ambiguous results owing to their specification in the models. This work
therefore, proposed Bayesian estimators (BE) for estimating the parameters of

nonlinear production function which ameliorate the problems of Classical Approach.

The Cobb-Douglas (CD) and Constant Elasticity of Substitution (CES) production
functions are nonlinear in parameters. The CD production function with Additive Error
(CDAE), CD Multiplicative Error (CDME) and (CES) were considered. Three possible
specifications of Returns to Scale (RS) parameters were also investigated for CD

namely: Constant RS (CRS,p +p -1, ), Increasing RS (IRS,p +p >1 ) and
Decreasing RS (DRS, g + g, <1), where g and g, are the output elasticities of Capital

and Labour, respectively. For CES, the behaviour of the substitution parameter

(r=-0.5,0and 0.5) was chosen such that the Elasticity of Substitution (o)was (L-). The

three BE: CDAE, CDME and CES were obtained using independent Normal Gamma
prior. The posterior estimates was obtained using metropolis- within- Gibbs sampler.
The performance of Bayesian approach (BA) and CA was compared using a Monte
Carlo study with sample sizes (N = 50, 100, 150, 250 and 500) each in 10,000
iterations, considering the minimum Numerical Standard Error (NSE) or Standard

Error (SE) as the criteria for BE and CA, respectively.



The derived BE were p(j/y.h)~N(B.7) and p(n/y.p)~G(57°,v) for CDAE,
p(B1y".n)~N(B.7)and p(n/y".p)~G(57,v) for CDME and p(/y.h)~N(Z.7)

and p(n/y.2)~G(5°.7) for CES. For CA, the estimates of 5, 4,,SE(,) and SE(

) of
CDAE and CDME were 0.841800, 0.148060, 0.014130, 0.007060 and 0.702530,
0.186370, 0.118600, 0.070790 for CRS, respectively. Those for IRS were 0.916189,
0.201102, 0.017134, 0.008889 and 0.816900, 0.419520, 0.128530, 0.091390,
respectively. For DRS, they were 0.521822, 0.126701, 0.014130, 0.008448 and
0.618900, 0.179160, 0.109110, 0.068120, respectively. However, for BA, the

estimates of 4,4, NSE(B )and NSE(B,) of CDAE and CDME were 0.759519,

0.132379, 0.000120, 0.000116 and 0.845861, 0.176499, 0.000114, 0.000103 for CRS,
respectively. Those for IRS were 0.897875, 0.204861, 0.000118, 0.000114 and
0.894150, 0.227022, 0.000116, 0.000102, respectively. For DRS, they were 0.68244,
0.170446, 0.000121, 0.000114 and 0.644050, 0.143532, 0.000116, 0.000101,
respectively. For CA, the CES estimates of ocand SE wheno <1were 0.014610,
2221.7626, when & =1 were -0.206960, 190.593100 and when +>1 were 0.995520,
0.849600, while the estimates of BA for o and NSE whenos <1were 0.893575,
0.000817, when os=1 were 0.503699, 0.001117 and whenos >1were 1.462442,
0.001215. Thus, BE performed better than CA in all the specifications of production

functions with minimum value in NSE.

The Bayesian estimators outperformed classical approach for the production functions
considered, thus making them more appropriate in handling nonlinear production
functions regardless of the error specification.

Keywords: Constant elasticity of substitution, Cobb-Douglas production function,
Metropolis-

within-Gibbs, Returns to scale parameters, Numerical standard error.

Word count: 450
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CHAPTER ONE

1.1 Introduction

A production function expresses the relationship between the physical output and
capital and labour inputs or factors of production. It can be defined as a mathematical
expression which describes the maximum level of output attainable from any given
sets of inputs in aproduction process. This function is a useful tool in many fields of
economic analysis. It deals with the analysis of economic growth and the
determination of optimum patterns of international or interregional trade and provides
a framework for determining the change in output attributable to change in units of
factor inputs and also facilitates the study of the behaviour of relative factor shares.
The behavioral relations among technical change, factor shares, the elasticity of
substitution between factors of production and economic growth have been spelt out

theoretically by Hicks (1932) in his well-known Theory of Wages.

The study of production functions has received more attention, in recent time, than
most other aspects of quantitative economics. The existing volume of literature on this
topic makes it a fairly burdensome task for current researchers in this area to justify
their deliberations. However, because most of the major theoretical developments in
the study of production functions have resulted from empirical observation, each

investigation is often a potential source of theoretical advancement.

Theoretically the study of production functions started with the conceptualization of
quantities of factors of production- labour, capital, etc. determining the value of output.
This was later followed by the use of Euler's theorem on homogeneous functions, the

analysis of returns to scale and of factor substitution.

A very outstanding empirical development in the study of production functions took

place when Cobb and Douglas (1928) fitted the function later named after them to



actual data. Since then many versions of empirical and theoretical production functions

have been developed to analyse the economic growth at the micro and macro levels.
The two- factor production function can be stated implicitly as
y= (X X)) (.1

where X, and X, are capital and labour inputs respectively used in producing ) units

of output.
The Cobb- Douglas (C-D) production function is deterministically defined as:
y= B XX} (1.2)

where X, denotes the capital input, X, is the labour input, g, 1is the efficiency

parameter and Y is the output. The generalized form of the C-D production function is

defined as
F(xax,)= BXL - X] (13)
Xpyeen X, X/ S .
where x,>0(=1,--,n) ,B, is a positive constant and §,,---, 3, are nonzero
constants.

The earliest empirical measures of returns to scale parameter were provided by Cobb
and Douglas (1928) in their pioneering work mentioned above. The assumption of
constant returns to scale incorporated into their model was later queried by Durand
(1937), who introduced the idea of variable returns. The variable returns to scale
(VRS) has not been of much practical application because the assumption of constant
returns to scale facilitates the assumption that output is just exhausted by the two or

more factor inputs in perfectly competitive markets. Also, possible inadequacies of

tests to determine the significance of departures of ﬁl + /92 from unity when fitting:

log y = log ﬁo +log Bl +log ,32 (1.4)

have tended to induce the acceptance as evidence of constant returns to scale, any

B, + BB, which is close to unity on either side. In addition to its use in estimating the



scale parameter, the C-D function has also been found useful in a number of other

empirical contexts.

At the aggregate level, Zarembka (1966) found it useful in explaining pattern of
international trade, Hallam (1991) in studying technological epochs, and Evenson and

Gollin (2003)in identifying the sources of observed growth in agricultural productivity.

At less aggregate levels, evidence of increasing returns to scale was found with this
function by Shaiara and Md. Shahidul (2016), Klein (1953) and by Griliches and
Ringstad (1971).

The apparently overwhelming evidence of increasing returns to scale in
underdeveloped economies, perhaps, reflect the small- scale nature of the observed
producing units. At such scale of operation, equi-proportional adjustments in factor

inputs are more easily undertaken.

The C-D production function assumed the elasticity ofsubstitution to be unity. The
concept of a Constant Elasticity of substitution (CES) production function was
developed by Stanford group Arrow, Chenery, Minhas, and Solow (1961) as a
generalization of theC-D function which allows for any non-negative constant
elasticity of substitution.

Thus, using the CES production function the explicit deterministic form is given as:
y=r{6X +(1-0)X,"} * (1.5)

where y is the output, ¥ is the efficiency parameter, o, (0 <0 <1) determine factor

shares, 7 1is the substitution parameter and v is the scale parameter.Equation (1.5)

above embodies the constant elasticity of substitution o =(1+7)"', hence for 7 —0

and elasticity of substitution () — 1.

Both the C-D and CES production function are nonlinear. However, when a
multiplicative error term is used to estimate the C-D function it is intrinsically linear
and this has been the popular version of C-D for most empirical studies however, when
the additive error term is used to estimate the C-D function it is intrinsically nonlinear.
On the other hand, the CES production function is intrinsically nonlinear whether the

error term is additive or multiplicative. This has posed some estimation problems for
3



the CES production function. In addition to nonlinear iterative methods, Kmenta
(1967) provided a linearized version of this function in the neighbourhood of 7 —0.
This study uses the Gauss Newton method which is an iterative nonlinear procedure to
estimate the parameters of the CES production function and the Kmenta approximation
of CES in the neighbourhood of 7 —0to form the distribution of the likelihood for a

Bayesian method.

The intrinsically nonlinear additive-error based C-D function is usually estimated in
the frequentist approach using Gauss Newton iterative method. This was applied in the
study. Earlier Isaac D. et.al (2011) investigated the consequences and the seriousness
of mis-specifying the error term in the presence of multicollinearity. Essi (2000)
showed that the consequence is more serious when a multiplicative error plagued data
set is fitted with an additive error based model than vice versa. Md. Moyazzem et.al
(2012, 2015) selected the appropriate Cobb-Douglas production model for measuring
the production function of some industries and compared the Cobb-Douglas
production function with additive error to the model with multiplicative error term.
They found that Cobb-Douglas production function with additive error performed

better.

This work compared the performance of three frequentist estimates of the
multiplicative- error- based CES (MCES), multiplicative — error- based C-D (M C-D)
and additive error- based C-D ( A C-D) on the one hand with corresponding Bayesian

estimates of these three functions, the critical values of measures of returns to scale i.e,
B+L =L L+p > and B+, <], and the elasticity of substitution o =1, o >1,

and o <1, were used to compare the performances of the two categories of estimators.

The basic idea of classical nonlinear regression is the same as that of linear regression
which is characterized by the fact that the prediction equation depends nonlinearly on
one or more unknown parameters, whereas linear regression is often used for building
a purely empirical model and it usually arises when there are physical reasons for
believing that the relationship between the response and the predictors follows a

particular functional form.



Instead of following the sampling theory approach of presenting a point estimate and
its corresponding standard error, the Bayesian approach summarizes information about
an unknown parameter in terms of a probability density function which describes how
likely (subjective probabilistic) different values of the parameter are to be estimated,
Griffiths et al. (1993). The likelihood principle led one towards a Bayesian approach
since all approaches based on classical criteria invalidate this principle Berger and
Wolpert (1988) compared with a true likelihood approach which is difficult to calibrate
Royall (1997). In addition, another appealing characteristic is that the Bayesian
approach to inference may be derived via decision theory. In Bayesian econometrics,
error terms &; are assumed to be independently and normally distributed with mean

zero and unknown variance ¢’ thatis, &, ~ N(0,,h'N);where h =0

is a precision.
All the elements of X'sare fixed (i.e. not random variables) or, if they are random
variables, they are independent of all elements &; with probability density function

p(X | B), where g is a vector of parameters that does not include any of the other

parameters in the model.

Bayesian statistics offers a rationalist theory of personality beliefs in the contexts of
uncertainty, with the central aim of characterizing how an individual should act in
order to avoid certain kinds of undesirable behavioral inconsistencies. Zellner (1971)
came up with a publication on Bayesian econometrics that eventually gained
popularity, and has subsequently been utilized in many applications Koop (1994). A
basic point in Bayesian statistics is that all the uncertainty that we might have about a
phenomenon should be described by means of probability. Statistics is based on
applying the law of probability to statistical inference, all unknown quantities which
are contained in a probability model for the observed data are considered to be random

variables, let ¢ =(¢,,..,0,) denote all the unknown parameters of the model, and
y=(,--»»,) the vector of observed data. Inference is made through the posterior
probability distribution of @ , after observingy , p(@|y)ap(y|60)p(0).The term
p(8] y)is referred to as the Posterior density (this summarizes all we know about &
after seeing the data, p(y|@)as likelihood function (is the density of the data

conditional on the parameter of the model), and p(@)as the prior density, the prior



does not depend on the data( it represents the probability beliefs for & before

observing the data ) ).

Bayesian econometrics has enjoyed increasing popularity in many fields, owing to its
generally-recognized desirable characteristics which provide a formal mechanism for
prior information about an unknown parameter. Since economists frequently have prior
information about the parameters in economic relationships, this characteristic is
particularly appealing! There has been dramatic growth in the development and
application of Bayesian inference in statistics. One reason for the dramatic growth in
Bayesian modeling is the availability of computational algorithms to compute the
range of integrals that are necessary in a Bayesian posterior analysis owing to the
speed of modern computers; it is now possible to use the Bayesian paradigm to fit very
complex models that cannot be fitted by alternative Frequentist methods. This makes

the application of Bayesian econometrics the perceived need for numerical integration.

A common way to present results from a Bayesian investigation is to provide graphs
of the marginal posterior probability density functions for each of the unknown
parameters of interest. The learning process is solved through the application of
probability rules: where one simply has to compute the conditional probability of the
event of interest, given the experimental information. The chief competitor to Bayesian
econometrics, often called frequentist econometrics, specifies that 6 is not a random
variable. However, Bayesian econometrics is based on a subjective view of
probability, which argues that the uncertainty about any unknown can be expressed
using the rules of probability. In order to present information in this way, it is
necessary to derive marginal posterior probability density functions for each of the
unknown parameter from the joint posterior probability density function for all the
parameters. This process means that unwanted parameters must be integrated out of the
joint posterior probability density function. If analytical integration is impossible
which makes numerical integration impractical, some other solutions have to be found.
The solution has led to an exposure to in the use of Markov Chain Monte Carlo
(MCMC) technique. These techniques provide a method of drawing observations from
the joint posterior probability density function Cowles and Carling (1996). Once some
observations have been drawn, they can be used to make estimated marginal posterior

probability density functions as accurate as we like, by drawing as many observations
6



as are required. Marginal posterior probability density functions are not the only means
of presenting information that utilizes MCMC-estimated integrals. Posterior means and
standard deviations which are the Bayesian counterparts of sampling theory point
estimates and standard errors often take the form of intractable integrals. These
quantifiers can be readily estimated using the sample means and standard deviations of
the MCMC-generated observations. There are two main MCMC techniques used in
non- linear problems, Gibbs sampler, and the Metropolis-Hastings algorithm. The
following researchers, Albert and Chib (1993), Chib and Greenberg (1995), Chib et al
(1998), Tanner (1996) and Gilks et al. (1996) have worked with and appreciated the

wide variety of Bayesian approaches using simulation techniques.
1.2 Bayesian Econometrics

Bayesian Econometrics seeks the combination or addition of Bayesian statistics in
relevant ways to models and phenomena of interest to economists. It is based on a few
simple rules of probability. What Econometricians wish to do is to estimate parameters
of a model compare different models or obtain predictions from a model, which all
involve a few general principles of probability, which are applied over and over again
in different settings. Probability in Bayesian approach is one of interpretations of the
concept of probability, in contrast to interpreting probability as frequency or
propensity of some phenomenon, this probability is a quantity that is assigned to
represent a state of knowledge, or a state of belief. In this view, a probability is
assigned to a hypothesis, whereas under frequentist inference, hypothesis is typically
tested without being assigned a probability. The interpretation of probability can be
seen as an extension of propositional logic that enables reasoning with hypotheses, (the
propositions whose truth or falsity is uncertain); the probability belongs to the category
of evidential probabilities which is used to evaluate the probability of the hypothesis.
The Bayesian probabilist specifies some prior probabilities, which are updated in the

light of new and relevant data

There are two views on Bayesian probability that interpret the probability concept in
different ways. According to the objectivist view, the rule of Bayesian statistics can be
justified by requirements of rationality and consistency and interpreted as an extension

of logic, while to subjectivist view, probability quantifies “a personal belief”.
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Bayesians begin by writing down a joint distribution of all quantities under
consideration (except known constants). The OLS quantities known under sampling
are denoted by an N-dimensional vector y, and the remaining unknown quantities by
the K-dimensional vector 6 e @ c RK,which is an inequality restriction where R is a
known N x K matrix, unless noted, Bayesian Econometrics treats the Econometric
Model parameters € as otherwise continuous random variables. Working in terms of

densities, consider for a variable y and @ of events.

P(y,0)=P(O)P(y|0)=P(y)P(O]y) (1.6)

where P(y,0) is the Joint probability density of both events y and @ ,P(§)is the

prior density and P(@| y)is the posterior density. Viewing P(y|@&)as a function of y
for known 0, any function proportional to it is referred to as a likelihood function.
Denote the likelihood function as L(€@). Unless noted otherwise, work with

L(0) = P(0| y) and thus include the integrating constant for ¥ | 6 in the description

of the likelihood above, Note that linear regression model presupposes linear

relationship between a dependent variable and explanatory variables, that is;
y=Bx+5x+. .+ Bx +e& (1.7)

where ) is the response variable, 5= (4,,...8,)" 18 a vector of regression parameters to
be estimated and . are the random errors which are assumed to be uncorrelated with
mean zero and constant variance i.e ¢ ~ N(0,1) . Non-linearity arises in many diverse
ways in Bayesian econometric applications. Perhaps the simplest and best known case
of non-linearity in econometrics is that which arises as the observed variables in a
linear regression model are transformed to take account of the first-order auto-

regression of the error terms.
1.3 Characteristics of the Cobb-Douglas Production Function.

The Cobb-Douglas production function has the most important assumption of Constant

Returns to Scale (CRS) — any proportional increase in both inputs results in an equi-

proportional increase in output; that is, double both LABOUR ( £,) and CAPITAL (



p,) inputs and you get double the Y real output. The CRS property occurs because

the sum of the exponents on the LABOUR ( 5,) and CAPITAL ( ;) input variables

sum to one. The main advantage of these assumptions is simplicity. However these
assumptions seem broadly consistent with empirical evidence at the macro level. The
unit elasticity assumption is consistent with the relative constancy of nominal factor
shares. In more general forms of this production function, the fractional exponents on
the input variables could sum to less than one (decreasing returns to scale) or sum to
greater than one (increasing returns to scale or economies of scale)Burnside et

al.(1995) for econometric evidence.
1.4 Characteristics of the CES Production Function

The CES function includes three special cases; for 7 —0, O goes to 1 then the CES
turns to the Cobb-Douglas form; for 7 — oo, O approaches 0 then CES turns to the
Leontief production function; and for 7 ——1,0 goes infinity then CES yields to a
linear function if v equals 1. However, the parameters of CES function are nonlinear in
nature and it is analytically difficult to linearize and cannot be estimated with the
familiar linear techniques. Hence, the CES function is approximated via “Kmenta
approximation” Kmenta (1967) and by this the techniques of linear estimation can be
applied. The CES function assumes that the Elasticities of Substitution among two
inputs are the same. The functional form proposed by Uzawa (1962) has constant
Allen Uzawa elasticities of substitution and the functional form proposed by

McFadden (1963) has constant Hicks-McFadden Elasticities of Substitution.

The inputs CES functions proposed by Uzawa (1962) with McFadden (1963) impose
strict conditions on the values for the Elasticities of Substitution and are less useful for
empirical applications. Therefore, Sato (1967) proposed a family of two-level nested
CES functions to have two levels of CES functions, where each of the inputs of an
upper-level CES function might be replaced by the dependent variable of a lower-level
CES function. These functions increased in popularity especially in the field of macro-
econometrics, where input factors needed further differentiation Griliches (1969),

Krusell et. al (2000), and Pandey (2008)



1.5 Aim and Objectives

1.5.1 Aim

This study is aimed at investigating the behaviour of three models, namely; The Cobb-
Douglas production function with additive error term, The Cobb-Douglas production
function with multiplicative error term and The Constant Elasticity of Substitution
(CES) of production function in the macroeconomics production function using the

Bayesian and Frequentist approaches.
1.5.2 Objectives of the Study.

The choice of Bayesian and Frequentist approach in a non-linear context in this

study was to achieve the following objectives:

» To estimate the parameters of the C-D production functions using the Bayesian
and Frequentist approaches

» To investigate the behaviour of the parameters of the multiplicative and additive-
error- based C-D production functions under alterative assumptions of the scale
parameter using the Bayesian and frequentist approaches

» To estimate the parameters of the multiplicative-error-based CES production
function using the Bayesian and frequentist approaches.

» To investigate the effects (on the other parameters) of varying values of 7 in the

estimation of the Multiplicative CES production function.
1.6 Statement of Problem

In a general linear model, when the posterior is analytical in nature it is easy to

compute the marginal of ¥ , even with priors which preclude the availability of
analytical results and also the posterior estimate. But in the Cobb- Douglas and CES

production function relating an output, y, to inputs X's(non-linear) model with an
independent Normal-Gamma prior, the posterior does not have a known form

(analytical form) from which samples should be drawn, hence the need to introduce a
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very important class of simulating technique called Metropolis-Hastings Algorithms;

to obtain the estimation of posterior distribution which is the major focus of this study.
1.7 Justification of Study

In classical approach, to estimate the parameters of the nonlinear model there is
usually the challenge of having varying complex inter parametric relationship,
parameters estimates and/or their standard errors taking infeasible values in the process
of iteration and convergence to local minimum (initial- value-dependent convergence).
Even when the initial values are carefully selected, the parameters of non- linear
models remained difficult to estimate often yielding ambiguous results owing to the
way the parameters and error terms are specified in the models due to the factors
around the selection of initial values (i.e. if the choice of the initial value is very far
from unknown true values, there is possibility of attaining a convergence to local

minimum or no convergence at all).

However, the Bayesian approach gives the opportunity of using past knowledge (prior)
as a guide towards the choice of initial values because a researcher may have little or
no prior knowledge about a field of investigation, also, to outline or portray an
alternative method with the use of posterior simulation technique (Metropolis-within-
Gibbs) which removes the effect of initial values through a process called "burn-in"

and aid a quick or fast convergence.
1.8 Organization of the Thesis

This chapter gives the brief introduction on macroeconomic production functions
which describes a systematic relationship between inputs and output in an economy.
Bayesian econometrics encompasses the various ideologies of objective and subjective
views of the literature on which the Bayes theory operates. Relevant literature on
Cobb-Douglas and CES as well as the theoretical and methodological reviews by
classical and Bayesian researchers on Cobb-Douglas and CES production function are
well stated in Chapter 2. Chapter 3 gives a detailed description of the methodology
used in the study (both the Classical and Bayesian approaches). A nonlinear regression
model in Bayesian approach with an independent normal-gamma prior resulted in a
truncated posterior for both the Cobb-Douglas & CES production function and the
11



methodologies are explicitly illustrated to show how the estimates were obtained by
using the posterior simulation technique called a Metropolis Within-Gibbs Algorithm.
The results of the analysis and interpretation are presented in Chapter 4, while the

summary and conclusion of the work has been clearly stated in Chapter 5.
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CHAPTER TWO
LITERATURE REVIEW

2.1 Introduction

In this chapter, a brief explanation and definition of the concepts that relate to
nonlinear production functions both in CES and Cobb-Douglas within our study are
given. Different methods employed are discussed on how to estimate the parameters
of production functions in the literature using the classical and Bayesian approach,

based on the specification of error terms in the models.
2.2 History of Bayesian Revolution in Econometrics

Rev. Thomas Bayes (1702-1761), a Mathematician (known for the introduction of the
Bayes theorem) who first used probability inductively and established a mathematical
basis for probability inference (a means of calculating from the number of times an
event has not occurred, the probability that it will occur in future trials, he set down
his findings on probability in,’Essay’ towards solving a problem in the Doctrine of
Chances(1763), published posthumously in the Philosophical Transactions of the
Royal Statistical Society of London.

The only works he was known to have published in his lifetime are Divine
Benevolence or an Attempt to prove that the principal end of the divine providence and
Government is the happiness of his creatures (1731) and An introduction to the
Doctrine of Fluxions and a defense of the Mathematicians against the objectives of the
author of the Analyst (1736) which encountered attacks by Bishop Berkeley on the
logical foundations of Newton’s calculus, he was a Presbyterian minister in Tunbridge
Wells from 1731 , son of the Rev. Joshua Bayes, a non-conformist minister. It is
thought that his election to the royal statistical society might have been based on a tract

of 1736 in which Bayes defended the views and philosophy of Sir Isaac Newton. A
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notebook of his exists and includes a method of finding the time and place of
conjunction of two planets, notes on weights and measures, a method of

differentiation, and logarithms.
2.3 Preliminaries: Basic Idea About Bayesian Inference

Bayesian statistics is certainly one of the fastest developing areas in Statistics. With
the advent of highly intensive computer technology, it is now a highly practical
methodology for addressing many important high dimensional decision problems as
well as being underpinned by a sound mathematical foundation. It is essentially helpful
when some of the components of uncertainty have sparsely collected data associated
with them, so that expert judgment need to be incorporated. It simply forces the analyst
to consider historical datasets. In the analysis of real data in any field, the information

is perfect on the phenomenon of interest.

A basic point in Bayesian statistics is that all the uncertainty that we might have on a
phenomenon should be described by means of probability Petris (2010). In the
Bayesian viewpoint, probability has a subjective interpretation, being a way of
formalizing the incomplete information that the researcher has about the events of
interest. The technique commonly used for obtaining the posterior distribution
(described below) is well-known as Bayes theorem which is the foundation of

Bayesian methodology.
2.4 Bayes’ Theorem

Bayes’ theorem calculates the posterior distribution as proportional to the product of a
prior distribution and the likelihood function. Given two events A and B, probability
rules says that the joint probability of A and B occurring is given by

P(ANB)=P(A|B)P(B) 2.1)

where P(A|B) is the probability of A occurring conditional on B having occurred
and P(B) is the marginal probability of B, reversing the roles of A and B, find the

expression for joint probability of A and B;

P(AN B)=P(B| A)P(A) (2.2)

14



Rearrange the expression in equation (2.1) and (2.2) to give Bayes’ rule on which
Bayesian Econometrics is based and states that if the sample space S is partitioned into

mutually exclusive and exhaustive events B, B,,---, B, and A is another event defined

K

on the sample space, then

P(4]B)P(B)

PB| A==

2.3)

where P(A4) =

k
i=1

P(A|B,)P(B;)
The application of Bayes theorem using data is of interest to researchers. Economists
usually work with the model which depends on parameters. In this model, interest

centered on the coefficient in the regression and the researcher is interested in

estimating these coefficients. Let ) be a vector or matrix of data and & be a vector or
matrix which contains the parameters for a model which seeks to explain y to estimate
6 based on the data, Bayes’ rule is then applied to obtain

P(y|0)P(0)

P@]y)= P0)

, P(»)>0 (2.4)

P(y|0)P(O)
[Py 16)P©O)a0

for continuous

and

P(y[0)P(0)
Z P(y|0)P(0)

for discrete
The importance of this theorem in Bayesian statistics is in the interpretation and scope
of the inputs of the two sides of the equation in the theorem, and in the role of Bayes

theorem in the subjective learning of process.
2.5 The Prior Specification

Priors are generally believed to be information at hand before seeing the data and

random variables can be thought of as variables that take on values with
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specifiedprobability. Parameters are not random but fixed and unknown quantities in a
classical approach, however anything we are not certain about in Bayesian can be
thought of as random to which probability distribution is assigned, known as prior
information. Prior represents a belief about parameter values. Bayesian analysts seek a
balance between prior information in a form of expert knowledge or belief and
evidence from data at hand. Choice of prior is a sensitive and controversial aspect in
any Bayesian analysis. Very serious attention should be geared towards the choice of
this prior, which can be created using a number of methods. These are information
(past or no) and principle of prior such as symmetry or maximizing entropy given
constraints (Jeffrey’s principle).There are two types of prior; informative and non-

informative

Non informative is also known as flat prior. This is a type of prior where there is no
sufficient information about the parameter. Researchers see this prior as objective
because of the flexibility of its choice. The term non-informative is misleading, since
all priors contain some information, so such priors are generally better referred to as
vague or diffuse. The subjectivity problem is then handled by assigning equal
probability to all states of parameter space.Jeffry (1961) developed another form of
non informative prior called Jeffry priorthat satisfies the local uniformity property and
does not change much over the region in which the likelihood is significant and does
not assume large values outside the range. This prior is for large samples posterior
densities for parameters thatassume a normal form with a posterior mean equal to the
maximum likelihood estimate and posterior covariance matrix equal to inverse of the
estimated Fisher information matrix.Many researchers have developed on the use of
non-informative prior using Jeffrey’s principle for Bayesian justification in Bernardo
and Smith (1994), Berger (1985), Box and Tiao (1973), Gelman et al (1995), Press
(1989), Robert and Casella (2004).

Kass and Wasserma (1996) interpreted noninformative priors as formal
representations of ignorance and no objectivity when there is no sufficient information
to define priors. These noninformative priors are chosen by public agreement on
standard unit of measurement. Yang (1995) developed hybrid Markov chain sampling
scheme using noninformative priors to analyze a Random Coefficient Regression
(RCR) model and showed that the corresponding posteriors are proper when the
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number of full rank design matrices are greater than or equal to twice the number of
regression coefficient parameters plus 1 and that the posterior means for all parameters
exist if one more additional full rank design matrix is available. Andrew et. al (2008)
proposed a new prior distribution for nonhierarchical logistic regression model
constructed by first scaling of nonbinary variables by placing independent student t
prior distribution on the coefficient in which, in the simplest setting, is a longer -tailed
version of the distribution attained by assuming one- half additional success and one-
half additional failure on logistic regression. The result shows that the Cauchy class of

prior distribution outperformed the existing Gaussian and Laplace priors.

Informative prior: This is a type of prior where there is information about parameters.
It brings about evidence about the parameters concerned from different sources. This
prior is not dominated by the likelihood and that has an impact on the posterior
distribution. In other words, if a prior distribution dominates the likelihood, it is clearly
an informative prior. Yahya et at (2014) compared the classical ordinary least square
(OLS) regression technique with the Bayesian conjugate normal linear regression
method when the data satisfy all the necessary assumptions of OLS technique, and
found from Monte Carlo study that the OLS estimator is as good as the Bayesian
estimator in terms of the closeness of their estimated parameters to the true values. On
the contrary, using the criteria of the mean square errors of parameters’ estimates and
other performance indices, the results showed that Bayesian estimator is more
efficient, more consistent and relatively more stable than the classical least squares
method even when the sample data satisfy all the necessary assumptions of the OLS
method. James (2018) specified informative prior distribution for the probabilities in a
multinomial for flexible multivariate distributions to reduce that of the marginal
distributions, the ordering of the probabilities and the conditional and unconditional
built bivariate copulas stacked in a tree structure based on D-vine. This avoids issues
of under parameterization associated with conjugate priors such as the Dirichlet
distribution and the direct specification of a positive definite correlation matrix. Ulrich
(2012) derived measures of prior sensitivity and prior informativeness that account for
the high dimensional interaction between prior and likelihood information, which turns

out to be a simple function of the posterior and prior covariance matrices and thus
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makes it entirely straightforward to compute the measures from the output of standard

posterior samplers.
2.6 The Likelihood Function

The likelihood function is defined as the joint probability density function for all the
data conditional on the unknown parameters. It is simply the name given to the model
applied to the data e.g Normal, Gamma or Log-normal models. In classical framework,

all estimation and inference are based solely on observed data.

The likelihood contains all the information about the model parameters that can be

learnt from the data. Let X"=(X,,X,,.,X,) have joint density
P(X";0)=P(X,,X,.... X, ;0)where 8<c0. the likelihood function L:6—[0,0] is
defined by L(6)=L(0;x")= p(x";0)where x" is fixed and € varies in O. the

likelihood function is a function of @ and it is not a probability density function. If the

data are independent and identically distributed, then the likelihood
L0 =11 p(x;:0) 2.5)

which is defined only to a constant of proportionality. The likelihood function is used
to generate estimators like the maximum likelihood estimator and it is a key ingredient

in Bayesian inference.
2.7 The Posterior Distribution

The posterior analysis describes the probability distribution of all model parameters
conditional on the observed data and some prior knowledge. The posterior distribution
has two components: a likelihood that includes informationabout model parameters
based on the observed data and a prior that includes prior information about model
parameters. The likelihood and prior are combined using the Bayes rule to produce the

posterior distribution.

posterior oc likelihood x prior
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In practice, a convenient way of directly proceeding to posterior inference is to make it
numerically analytical. However, this is not the case, the posterior distribution of
model parameters is numerically intractable (Tanner and Wong, 1987). This implies
that it is impossible to derive the closed form of posterior estimates. The posterior
distribution is rarely available explicitly and needs to be estimated via simulations.
MCMC sampling can be used to simulate potentially very complex posterior models
with an arbitrary level of precision. MCMC methods for simulating Bayesian models
are often demanding in terms of specifying an efficient sampling algorithm and

verifying the convergence of the algorithm to the desired posterior distribution

2.8 Bayesian Algorithms

An algorithm is a step by step systematic method for carrying out a procedure for
solving scientific problems, usually with the condition that the procedure terminates at
a point Atallah (1998). The process of relating an algorithm to an input to obtain an

output is known as computation.

A crucial pioneering advance in Bayesian econometrics is owing to the advancement
of effective and efficient Monte Carlo algorithms like the Gibbs sampling algorithm
considered by Tanner and Wong (1987) and Gelfand et. al. (1990). Since the arrival of
computational revolution, the matter of computing power has been deepest in
Econometric analysis, but it is even more pronounced to Bayesian econometrics when

the Monte Carlo algorithms are applied.

In a surprising way, Markov chain Monte Carlo (MCMC) algorithms, mostly the
Metropolis- Hasting algorithm Metropolis et.al. (1953, Hasting (1970) and the Gibbs
sampling algorithms Gelfand et. al. (1990) have transpired as highly popular tools for

the econometric models anaysis.

Bayesian analysis entails the evaluation of complex and often high- dimensional
integrals in order to obtain posterior distributions for unknown parameters of interest
in the model. As considered in this work, most macroeconomic variables are assumed
to follow a Markov chain. A Markov chain is a mathematical model for stochastic

systems where the description of the present state fully expresses all the information
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that could influence evolution of the process through a probabilistic process Jiang

(2009).

MCMC algorithms require large amounts of computationally intensive simulations and
nontrivial are often needed for certain extensions, such as the one in this work. The
Bayesian algorithm requires that a prior distribution is specified for each parameter in
the estimation procedure to produce posterior distributions. While MCMC allows an
enormous expansion of the class of candidate models for a given dataset, they also
suffer from a well- known and potentially serious problem: it is often difficult to
decide when it is safe to terminate them and conclude their “convergence” Zellner

(2009).
2.9 Existing Studies

The Cobb Douglas production function was first introduced by Charles W. Cobb and
Paul H. Douglas (1928), although anticipated by Knut Wicksell (1851-1926) to report
the production output which determined the amount of Labour and the invested
amount of Capital in different industries of the world as the involved universal law of
production; on the contrary Cobb and Douglas (1928) tested against this proposition by
revealing that the coefficient of two factors (Labour and Capital) considered were not
constant over time or between the same sectors of the economy. These two factors of
Cobb-Douglas aggregate production function were discussed in the seminal
contribution and which was preferred in the growth theory of specification Solow
(1956). The popularity of Cobb-Douglas is rarely surprising in given its analytical
features and tractability.

Nevertheless, several researchers have expressed concern about the empirical
relevance of this specification. Among others, it is the only linearly homogenous
production function with a constant elasticity of substitution in which each factor share
of income is constant over time. The CES production function due to Arrow et al.
(1961) reported that estimates are consistent and Kmenta (1967) used the same
estimation procedures applicable to the generalized version of the CES function which
is restricted to the case of constant returns to scale, and concluded that the estimates
are consistent if the input variables are non-stochastic or, if stochastic, disturbance is

independent in the production function.
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Simon and Michael (2007) demonstrated that the common practice of using Cobb-
Douglas or Leontief production functions in economic model should be rejected for the
majority of sectors. In their study, results compared to standard linear estimations
using Kmenta approximations, non-linear estimation techniques perform significantly
better. Moreover, during the time period considered, no significant change in input
substitutability took place over time. Despite the central role of substitution of
elasticities within the theoretical and empirical framework of applied simulation, the
current situation of elasticities is still unsatisfying and although the problem of
substitution parameter that leads to elasticities of substitution has been acknowledged

but then persisted for a while ( Dawkins et al. , 2001).

Frazer (2002) reexamined the original data sets of time-series of an aggregate
production function used by Douglas to undertake and establish the existence of an
aggregate production function; he particularly paid attention to whether the data
offered reasonable support for the law of production in which the various statistical
methods were used to analysed and confirm the data set, found that the data sets

yielded the results that support the assertions of Douglas.

Duffy and Papageorgiou (2000) formally questioned the empirical relevance of Cobb-
Douglas where they used a panel of 82 countries over 28 years and estimated a two-
input constant elasticity of substitution (CES) production function specification of
which Cobb-Douglas is a special case. For the entire sample of countries they strongly

rejected the Cobb-Douglas specification over the more flexible CES specification.

Moreover, Miller (2008) studied based on macroeconomic production in which he
examined the margin strengths and weakness of the functional forms (Cobb-Douglas
and CES production) and suggested that the form is appropriate for use in
macroeconomic, to forecast income shares under given policies; then recommended to
continue using Cobb-Douglas in spite of theoretical concerns because it appears that
additional cost and parameters uncertainties from the use of the CES are not

outweighed by its benefits.

Houthakker (1955-1956) showed how to aggregate out a Cobb-Douglas production

from underlying Leontief production functions when their coefficients are jointly

Pareto distributed. In support of the result obtained, Jones (2005) partially built on this
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to show that a global Cobb-Douglas production function can arise from general

constant returns to scale production function.

Leon-Ledesma and Satchi (2011) developed a technology choice model to show how a
parameter choice in (a specific CES production function with an elasticity of
substitution below unity) a Cobb-Douglas reduced form production function can be
established, and reported that the class of production functions derived are consistent
with a balanced growth path even in the presence of capital-augmenting technical
progress. However, there are constraints that arise in the extreme choices of capital
intensity since all tasks cannot be performed by either capital or labor, and the choice

of intensity through time by costs.

In contrast, Acemoglu and Zilibotti (2001) demonstrated how a Cobb-Douglas
production function after endogenous technology adjustment leads to a CES
production with a higher than unity substitution elasticity to show that the differences
in the supply of skills create a mismatch between the requirements of these
technologies and the skills of Less Developed Countries( LDC) workers. Mismatch led
to sizeable differences in total factor productivity and output per worker in favor of the

cross-industry productivity patterns predicted.

Haykel (2002) proposed to estimate the elasticity of substitution resulting from the
CES (Constant Elasticity of Substitution) production function which has been
commonly used by modellers in construction their Computable General Equilibrium
models, in their studied they use statistical data to out the analysis on elasticity of
substitution by employing the method of Least square which produced two factors of
production and reported that the estimation led to a specification of the production
functions which appeared as Cobb-Douglas, since the elasticity of substitution was

equal to 1 and this took the form of CES.

Nakamura and Nakamura (2008) confirmed Acemoglu and Zilibotti’s work by using a
more general functional form for the intermediates’ productivities to show how a
general CES production with elasticity above unity can arise from an underlying Cobb-
Douglas technology. In their specification, two primary input factors are differentiated
over a unit interval of intermediate inputs. Each input used just one of the primary
factors. Productivity of the intermediate inputs depends on their position in the interval
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through a specific functional form. Choosing which primary factor is used for each
intermediate input in a profit maximizing way results in a CES production function

with an elasticity of exactly 2 in the two primary factors.

Cantore et.al (2015) estimated an elasticity of substitution between capital and labour
using Bayesian-Maximum-Likelihood methods to show that the result is driven by the
implied fluctuations of factor shares under the CES specification. The improved CES
model performed than CD under an imperfect information assumption with elasticity
well behaved when it is below unity. Owing to problems of quantitative measurement
of some key parameters in production function models at constant economies of scale
in production and constant share of labor in total population level of performance
becomes dependent on the presence of additional factors and technology Nikolay et. al
(2016); hence the increase in population leads to slower productivity growth, if
population growth will not affect the development of other factors. If population
growth stimulates the development of other factors of production and/or technology,
labor productivity growth will accelerate or slow down depending on the ratio of the

level of influence of positive and negative effects.

Werf (2007) showed that empirical analysis summary quantitative models for climate
policy modeling differed in the production structure used and in the sizes of the
elasticities of substitution. The elasticities were rejected when equal to one in favour
of considerably smaller values, with lower elasticities and with factor-specific
technological change, some climate policy models found a bigger effect of
endogenous technological change on mitigating the costs of climate policy. Then
estimated the parameters of two level CES production function with capital, labour and

energy as inputs and revealed that nesting structure fits the data best.

Ashkan (2012) utilized Cobb-Douglas production function in construction crashing
cost analysis and showed labor and equipment efficiencies have significant effects on
total cost of a project. Harry(1998) considered the specification of a production
function using crop-yield response to agricultural lime test several functions that are
consistent with the theory by goodness-of fit tests, non-nested hypothesis tests and
costs of misspecification and found that neither goodness-of-fit tests nor non-nested

hypothesis tests provided a clear choice among the candidate functions; costs of
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misspecification provided some choice.Peter (2010) reported that the educational
production function is approximately homogeneous of degree one in the productivity
factors, in accordance with the Walberg's psychological theory of educational

productivity based on the Cobb-Douglas economic production function theory.

However, after using improved time series data on labor, capital, output and factor
payments, Berndt (1976) concluded that one cannot reject the aggregate production
function which is Cobb-Douglas. A number of works have challenged his result, as
Berndt assumed that all technical change was Hicks neutral. Labor augmenting
technical change causes estimates of the elasticity to be biased towards one. At the
aggregate level, the capital share of cost is constant while the capital-labor ratio is

rising, leading regressions to conclude that the production function is Cobb Douglas.

Rainer and Harald (2000) examined the inconsistencies and controversies in the use of
CES production functions in growth models in which they showed all the variants of
CES functions are consistently specified and also find that a higher elasticity of
substitution leads to a higher steady state and makes the occurrence of permanent
growth more probable and reported the speed of convergence has effect on higher
elasticity of substitution which depends on the relative scarcity of the factors of

production.

Henningsen and Henningsen (2012) considered the difficulty in the estimation of the
non-linear Constant Elasticity of Scale (CES) function due to convergence problems
and infeasible results which frequently arises from an incompatible objective function
by large uniform areas, the interruption of the CES function when the elasticity of
substitution is one and the significant rounding errors when the elasticity of
substitution is close to one and they suggested three solutions that ease these problems

which make the results to be more dependable and easily accepted.

Jiirgen (2014) addressed the relationship between technical change and the elasticity of
substitution between factors of production and showed how the elasticity within a CES
production setting can change due to technical change. However, if labor augmenting
productivity increases at the same rate as the capital-labor ratio, any elasticity is

consistent with a stable aggregate capital share of cost.
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Antras (2004) and Klump et. al. (2007) both controlled for labor augmenting technical
change through time trends (implying exponential growth in labor augmenting
productivity) or other parametric functional forms and estimate the elasticity to be 0.8
and 0.6 and concluded that the for the elasticity to be below, equal to, or greater than

one depends on the type of technical change applied.

Kamel and Maha (2015) compared the degrees of capital and labour substitution in a
developing country in order to change the tradition of some modelers and presented the
estimates of Elasticity of substitution caused by two production functions in which the
nonlinear least squares method was used to estimate the substitution elasticity in each
sector of CES function and SURE method to estimate the translog function and The
results indicate a strong similarity between the elasticity substitution estimates for each

function, which are significantly below the unity.

Nadia and Olimpiu (2015) described the analysis of the stationary and the dynamic
caseof the Kmenta approach for estimating the parameters of the CES production
function by using the least square method and found that the bestresults are obtained
with the dynamic model in which the deviations between theempirical and adjusted

values are the lowest compared to static model

Hideo and Koki Kyo (2015) proposed a new approach in analysis of factor augmenting
technical change based on a constant elasticity of substitution (CES) production
function. Miguel and Mathan (2011) showed that allowing firms a choice of CES
production techniques through the distribution parameter between capital and labor can
result in a new class of production functions that are consistent with a balanced growth
path even in the presence of capital augmenting technical progress which produces
short-run capital-labor complementarity but yields a long-run unit elasticity of

substitution.

Bartlesman and Doms (2000) estimated trends in labor and capital augmenting
technical change in which smoothness priors are introduced and Bayesian linear
models are constructed to examine the technical changes in Taiwan and South Korea at
the macroeconomic level and revealed that the Bayesian approach can capture the
movements of technical change more rigorously than conventional approaches.
Industrial Organization economists are investigating how productivity differences
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across firms are related to market structure, and more generally what causes

differences in productivity across firms .

Many macroeconomic models assume that productivity shocks cause business cycle
fluctuations. Steenkamp (2016) revealed that negative capital-augmenting technical
change in several industries weighed on productivity in New Zealand based on
Constant Elasticity of Substitution (CES) production functions that permit varying
assumptions about factor augmentation and also allows for industry-specific values of

the elasticity of substitution between inputs.

In view of this Abidemi (2010) examined productivity in the banking sector by way of
estimating two major production functions known in the economic literature and
reported that result obtained from the Ordinary Least Squares (OLS) estimates for
substitution parameters o and B (substitution parameters for capital and Labour,
respectively) confirmed the a priori expectation that the duo of a and B are positive
values of less than one. The substitution parameters in the Constant Elasticity of

Substitution Production Function were equally positive, which supports the theory.

Adetunji et al (2012) examined Capital-Labour Substitution and Banking Sector
Performance in Nigeria between 1960-2008 and in furtherance, studied the Nigerian
economy probably characterize constant returns to scale for the sample period between
1990 to 2009. The Capital/Labour ratio increased by 1 percent, on average, Labour
productivity went up by about 1 Percent .The results of the models obtained when
compared with the work of Liedholm (1964) and Osagie and Odaro (1975) gave
satisfactory results in terms of goodness of fit. This then showed that the Cobb-
Douglas Production Function (CDPF) gives a better explanation of the aggregate

production process in the banking industry in Nigeria for the period studied.

A broader literature in macroeconomics and labor economics focuses on estimating the
elasticity of substitution between labor and capital, using a variety of different
techniques. Most of the estimates of the macro elasticity of substitution perform better
than the micro elasticity of substitution. The early debate on the elasticity of
substitution focused on differences between time series and cross section estimates of
the elasticity. These early papers used relations between labor productivity and wages
as capital data was unavailable. The cross section estimates based on two digit sector
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aggregates across states or countries and local area wage differences, had high
elasticities, often above one. However, the cross-section estimates had severe biases
due to differences in labor quality and industry composition across areas with which

time series estimates were significantly below one.

Henningson and Henningson (2011) demonstrated and described several approaches
by replicating some existing estimation methods of the Cobb Douglas and CES
production function with two explanatory variables, also extended it to nested CES
functions with three and four explanatory variables, for which an R package called
micEconCES was developed to handle these Classical Nonlinear estimation of the CES
production function. Findings revealed that the corresponding sum of squares error of
optimization produced the least minimum value which shows the validity of the

methods developed.

Devesh (2011) identified the Labour Capital Elasticity of substitution using local
market wage variation. He used the Cobb-Douglas specification and CES production
function with Labour augmenting production that causes dispersion in the micro data.
He concluded that a CES production function over imposed Cobb- Douglas
specification. Miguel and Mathan (2011) reaveled that the new class of production
functions (CES type) derived are consistent with a balanced growth path even in the
presence of capital-augmenting technical progress while allowing firms to make a
choice of capital intensity in the production process as well as capital and labor. In
view of this, Jakub and Jakub (2015) showed that estimates are consistent which
implied that the elasticity of substitution between capital and labor has remained
relatively stable, at about 0.8-0.9, from 1948 to the 1980s, followed by a period of
secular decline in post-war US economy by generalize the normalized Constant
Elasticity of Substitution (CES) production function by allowing the elasticity of

substitution to vary isoelastically.

Martinez (2012) proposed a Bayesian Markov Chain Monte Carlo estimation of the
capital-Labour substitution elasticity in developing countries through prior elicitation
and concluded that the Bayesian estimator of the Capital-Labour substitution elasticity
was theory consistent, and can be used to properly calibrate computable general

equilibrium models. Diamond et al (1978) chose the correct functional form in the
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presence of biased technological change is challenging because it is impossible to
determine whether the evolution of factor shares and factor ratios over time is due to
elasticity effects or technological bias unless a priori assumptions about the structure

of technological change are imposed.

Pereira (2003)reported that Elasticity of Substitution is non unitary and changing over
time; this study showed that Monto Carlo simulation for usual CES production did not
give realiable estimates for the substitution parameter and that the use of Cobb -
Douglas production function hid the roles of Elasticity of Substitution not only as a
source of income in output but also as a source of technical change. In addition with a
CES to calculate Total Factor Productivity(TFP) across counrtries, the variance of TFP
is lower than that of a Cobb-Douglas that made income difference across countries

diminished

Leon- Ledesma et. al. (2010) employed Monte Carlo sampling techniques and applied
it to the generalized form of the Kmenta approximation to highlight the empirical
advantages of normalization, their study has revealed that the direct estimation of the
non-linear CES does not alleviate identification problems, and also reported the weak
results because of the involvement of numerical complexity in estimating the non-
linear CES, more so, the identification problems can be Substantial when using many
conventional approaches and found that the normalization offered several theoretical

consistent which improves the empirical identification

The use of MCMC simulation is to let the parameters perform a random walk in
parameter space according to a Markov chain set up in such a way that its stationary
distribution is the posterior distribution. Hastings (1970) proposed a useful algorithm
for setting up the Markov chain which is the Metropolis-Hastings (MH) algorithm, and
supported by Chen et al.(2000) that it is very convenient and suitable for problem.
Geweke (1992) proposed the evaluation accuracy of sampling-based approaches to
calculating posterior moments and also suggested a diagnostic based on the intuition

that if a sufficiently large number of draws have been taken, the estimate of g(9) based

on the first half of the draws should be the same as the estimate based on the last half.

2.10 Related literature
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A number of approaches have been suggested for estimating nonlinear production due
to sensitivity of classical approach to choice of starting values and that the parameters
often failed to converge. Early work by Hideo and Koki (2013). Luoma and
Luoto(2011) used Bayesian approach to estimate the parameter of normalized constant
elasticity of substitution function with factor augmenting technical progress and found
that posterior simuation of parameters behaved fairly well, in addition the results
indicated that in the long run the parameters for the elasticity of substation and capital
income share are intimately linked to the share of capital augmenting technological

progress converged to zero which led to upward biased estimates

Koop and Steel (2001) described a Bayesian method for efficiency analysis using a
special type of model called stochastic frontier models with cross-sectional data and a
log-linear frontier. The posterior estimates were obtained using the Bayesian Posterior
simulation techniques known as the Gibbs sampler. It was observed by the authors that
in the case of the nonlinear frontier the posterior simulation methods were

complicated.

The simple production frontier model is of the form:
Y =/(X,0) (2.6)

Where Y, is the output of firm i and is produced using a vector of inputs,

X,,(i=1,...N).in practice the actual output of a firm may fall below the maximum

possible. The form of interest in many applications is the measurement of inefficiency

of the actual output, which is as follows:

Y= (X, P, 2.7

The additional of measurement error makes the frontier stochastic; hence the linear

(Cobb Douglas or Log-linear) model is given as:
Yy =xp+v,—z (2.8)

Where; x; is defined as alx (K +1)vector (e.g. X, =(1, L, K,) ) in the case of a Cobb-

Douglas frontier with two inputs L & k.
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L=B-- L), y=InY), v,=In(), z,=—In(z,) and x, is the counterpart of X,

with inputs transformed to log. 7, is referred to as inefficiency and since 0 <7, <1.

For the Bayesian Inference, the following assumptions were made about v; and z, for

i=1...N.

P(v,/h"y= f,(v,/0,h") and the v;s are independent
v, & z; are independent of one another for all i and /.

P(z, /A7) = f,(z,/1,27") and the z;s are independent

Ritter and Simor (1997) shows that the use of very flexible one-sided distributions for

z, such that the unrestricted Gamma may result in a problem of weak identification.
Intuitively, if z, is left too flexible, then the intercept minus z;can come to look

much like v; and it may become virtually impossible to distinguish between these two

components with small data sets.

In addition, van den Broeck et al (1994) found the Exponential model to be the least
sensitive to changes in prior assumptions in a study of the most commonly used

models.

The likelihood function is defined as:

L(y;0) =[] P,/ x:0)

i-1

Where S can be obtained using OLS estimation method from g = (x'x)™'x'(y + z) ,

where y+z=xf+v which requires the derivation of
p(y/x,0)= J. p(y,/x,z,0)p(z,/0)dz,. this is done in Jondrow, Lovell, Materor and

Schmidt (1982) for the Exponential model and in van dan Broeck et al (1994) for a

wider class of inefficiency distribution.

Bayesian Inference can be carried out using a posterior simulator which generates
draws from the posterior, p(€/y,x). in this case, Gibbs sampling with data

augmentation in a natural choice for a posterior simulator.
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The Prior employed in this paper are:
A Uniform prior for g is p(B) < I(E)

Where; I(E) is the indicator function for the economic regularity conditions for the

other parameter, they assumed Gamma priors:
p(h)= fG(h/Clh,bh)
and P(ﬂ_l):f(;(ﬂ_l/a;ﬁbz)

setting @, =0and b, =0 obtained p(h)och™', the usual non-informative prior for the

error precision in Nonlinear regression model.

Also, setting a, =1 and p, = —In(z") yields a relatively non-informative prior.

N
The Full Posterior p(z/y,x,8,h, A" ) o fi(z/ xf—y—ha, " h'I)H[]1(z 20).

i=1

The Nonlinear model (CES Production function) considered for this model is given as:
Vi zf(x,.,ﬂ)+v,.—zl. (29)

It was observed that the Posterior simulator for everything other thing except S is

almost identical to the one given by the linear model.

The same prior were used while the conditional Posterior for £ is more complicated,

having the form:

N
p(ﬂ/y,x,z,h,/ll)ocexp(—gzozi = f(x,B)+z))p(B) on the other hand, if no

i=1
convenient approximating density can be found, a random walk chain —Metropolis-

Hasting algorithm might be a good choice Chib and Greenberg (1995).

Martinez (2012) provides a Bayesian MC” estimation of the capital-labor substitution

elasticity in developing countries.
The paper defined the Nonlinear model (CES Production function) as:
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q= A[pktl +(1- p)l(g"]], (2.10)

Where; q is real aspect, A is Hicks-neutral technological shifter, p e[0,1] is a
distribution parameter and o €[0,] is the elasticity of substitution between capital

and labor. Two first order conditions emerged from profit maximization by forms in a

competitive framework; the labor demand obtained from these conditions equals.

g (o) o g0
1o = A
1 (p] (p) , 2.11)

this equation can be log-linearized,
y=6+6x, (2.12)

fory =In(ql), x=In(w/ p), w/p real wages and 6, =—clnp+(1-0)ln4, 6 =0 as
in Cicowiez(2011).

Adding an error term and time or cross section subscripts, the equation above becomes
a linear regression model. OLS and 2SLS was used to carry out the classical estimation

of parameters.

Using the Bayesian (method) Approach; the likelihood correspondents are stated as:
v~ N(Xx8,s°1)where; X =[1,(x,....x)],0=[6,,6], y=(»,....»,)

With prior distributions; ¢ ~ N(6,,4,), s’ ~ IG(a,/2,5,/2). As a consequence of

these assumption
/5, y~N@.A),
where; Bi=[s"'XX+p,'T"
0=p1s"Xy+p5,'0,1"

and o, =a,+n
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8=6,+(y-X60)(y-X0)

Since both conditional posterior distributions are standard, a Markov Chain Monte

Carlo sampler can be used to find the Posterior distribution of 0,5%);

(a) Let s°” be a starting value of s°.
(b) At the gth iteration.
9(2) _ N(g—m)’ﬂl(m)

s7® ~IG(a /2,6 /2)

Where; ﬁl(g) = [SiZ(gil)X:X + ﬁ071]71

—(g) (o , _
g‘g =ﬂ1(g)[S 2(g ”Xy+ﬂ0 100]5
5(g) =50 +(y_X9(g))'(y_X9(g>)

With repetition of the Gibbs sampling (b) until ¢ =B+ G, where B is the burn-in
sample and G is the desired sample size and calculated the values of 6'®’and

§28 g=B+1,...,B+Gand simulate the Posterior distribution of & and s> .

Koop (2003) showed the estimation of two Nonlinear Regression models, a situation
whereby the first Cobb-Douglas production function is Intrinsically linear while the
second Nonlinear model known as the CES production function proved to be Non

intrinsically linear through the log-linear method of linearization.
The Nonlinear models are stated as:

For the Cobb-Douglas:
y:alez,...,x,f* (2.13)

in which if the log of both sides is taken i"™ an addition of an error term, we obtain a

regression model:

In(y,) =4 + B, In(x,)+...+ S, In(x; )
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Where; B =In(e;), which is now linear in logs of the dependent and explanatory

variables and with this small differences all the techniques of the OLS estimation

methods apply.

The CES production function is of the form:

k 7k1+1
y[ — z 7jx;k+1 (2 14)
j=1

The Bayesian inference in regression model was considered where the explanatory
variable enter in an intrinsically nonlinear way. He focused the empirical illustration
on using the CES production function for this case in the nonlinear regression model of

the form:

1

k Vi1
yi — (Zij;kﬂ J + gi (215)
Jj=1

Where; ¢ & yare N-vectors stalking the errors and observation of the dependent

variable respectively and let X be an N X k matrix stacking the observation of the K

explanatory variables, he made the standard assumptions that:

€18 N(0,,h7'1)
. All elements of X are either fixed or they are random variables, they are independent

of & with a probability density function p(X / 1) .

Where; Ais a vector of parameter that does not include any of the other parameter in

the model.
Let the general nonlinear regression model:
v, = f(X,,y)+¢& where; X; is the ith row of X, f(.)is a function which depends upon

X,and a vector of parameter } .

. 1 L
The model can be written as: y, = y, + (y,x) + y,x7})—+ ¢, simplified as
4
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y=f(X,y)+¢ (2.16)

Where; f(X,y)is now an N-vector of function with i element given by f(X,,7).

The exact implementation of the Posterior simulation algorithm will depend upon the

form of 1°(.).

The likelihood function is expressed as shown below using the definition of the

multivariate normal density:

N

Pyl yy) =—— {exp[—%{y—f(x, N iy —f(X,y)}}}
()

with the linear regression model, we are able to write this expression in terms of OLS

quantities.
The Prior choice depends upon what £(.) is and how ) is interpreted, by which Koop

(2003) used a non-informative prior of the form:

1
Jh) oc —
p(y,h) >

5

A Uniform prior for 7, y = (1,1,1,1y’, ¥ =0.25I,, v =12 andIn(h).

The Posterior density is then obtained as:

=

P(y,h/y)oc P(;/,h)-LN{eXp[—g{y—f(X, Y {y—f(X,y)}}}
(27)?

In general, there is no way to simplify this expression which will depend upon the

precise forms for P(y,h)and f(.)and doesn’t take the form of any well-known

density. The resulting marginal posterior for Vs

' 2
P(7/y)06[{y—f(X,7)} {y—f(X,y)}} :
In the case where f(.)was linear, this expression could be rearranged to be out in the

form of the kernel of a t-distribution, but here it does not take any convenient form.
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The Computational Techniques: Metropolis Hastings Algorithm

The lack of analytical results relating to the posterior suggests that a posterior

simulator is required. For some forms of f(.)it may be possible to derive a Gibbs

sampler. Inother words, if g(.)is our function of interest, we can obtain an estimate of

E[g(6/y)], which we label g, by simply averaging the draws in the familiar way:

P R s
g =-280")
§ =1
The Metropolis-Hastings algorithm always takes the following form:
Step 0: choose a starting value, 8*

Step 1: Take a candidate draws, 6" form the candidate generating density q(¢9<s_l),¢9)
Step 2: Calculate an acceptance probability a(6°™",8")

Step 3: Set 9% = 6" with probability a(6“™",8)and set 6 = 9° " with probability

1-a(6“7",8")
Step 4: Repeat step 1,2 and 3 ..., S times.
Step 5: Take the average of the S draws g(8“™),...,g(6").

These steps will yield an estimate of E[g(€/ y)]for any function of interest. It turns

out that acceptance probability has the form:

#(0°,0") = min| LE=0/0q(0:0=0"7) |
5 p(@ — e(s—l) /y)q(a(s—l);e _ 0*) s

The Metropolis-Hastings Algorithm is of three types:

. The Independent Metropolis-Hastings algorithm: the independent chain Metropolis-

Hasting-Algorithm uses a candidate generating density which is independent across
draws. i.e.¢(6°™",0)=¢ (0)and candidate draws does not depend upon 6. Such

an implication is useful where a convenient approximation exists to the posterior. This

36



convenient approximation can be used as the candidate generating density so that the

acceptance probability simplifies to

- _ (s-1)
a(e(sfl),e*):min p(a_a /ly)Q(a_e *),1
p(@=060""/y)q(0=6)

. The Random Walk Chain Metropolis Hasting algorithm: this is useful when there is no
good approximating density for the posterior, no attempt is made to approximate the
posterior rather the candidate generating density is chosen to wander widely, taking

draws proportionately in various regions of the posterior.

The Random Walk Chain Metropolis Hastings algorithm generates candidates’ draws

according to @ =6“"+z, the acceptance probability simplifies to

(0,6 =min| LE=9 /D)
pO=06""1y)

It can be clearly seen that the random walk chain tends to move towards regions of

higher posterior probability.

. Metropolis within Gibbs: this provides a posterior simulator for p(€/ y), as illustrated

below:

2 — [y_f(XaJ/)][y_—f(X,y)]+\_;§2
\%

P B
h(y,y)~G(s ,v),v=N+v,and s
Note that: p(y / y,h) oc p(y,h/ y) it can be seen that

p(r 1 y.h) & exp —g{y X - f (X, y)}}

h _—
p(y/y,h)ocexp —5(7—1)Z (7—1)}

this conditional posterior density does not have a form that can be directly drawn from

in a simpler manner. Hence, the use of a Metropolis-Hasting algorithm for p(y/y,h)

which combined the draws from the Gamma distribution which provides us with a

Metropolis Within Gibbs algorithm.
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CHAPTER THREE
METHODOLOGY

3.0 Introduction

In this chapter, the methods used in estimating the parameters of the nonlinear
production functions with the error specifications in Classical and Bayesian estimation
with selection of prior using the Markov Chain Monte Carlo technique (MCMC). The
Metropolis-Hasting algorithm and the data generating process (DGP) clearly stated for

Production functions were also discussed.
3.1 Classical Approach
The nonlinear model is of the form

y,=fX.p)+u,  i=12,..N (3.1)

Where y, is response variable, f(X,,8)is the nonlinear form comprising of the

explanatory variable and the coefficient of the model, andu, ~ N(0,5%), the error
component with mean 0 and variance o*. The coefficients of explanatory variables X,

and u, are to be estimated. The matrix form of the model in equation (3.1) can be

expressed as;

Y=f1(X,p)+U (3.2)
where
X X X
Vi X11 le X31 ﬂo u,
Y = )/‘2 , X = '12 :22 '32 , b= ﬂl ,and U = :
Y Xy Xoy Xy ’ "
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Where Y is an (N x1) vector of dependent variables, the parameter g is a KxI

vector, Xis an NxK matrix of explanatory variables and U isan Nx1 vector

random variable representing the disturbance term, where N is the sample size and K

is the number of parameters to be estimated.
The estimates of the nonlinear model in this study can be obtained by:

i. The Guass Newton method via Kmenta approximation method

i. The Gauss Newton Method (GNM)

The Gauss Newton method is one of the classical ways of estimating a nonlinear
model, therefore, the universal steps of estimating any form of nonlinear model are

stated below:

The Gauss Newton method begin by expanding
F(X.B) = 1,(p)

using Taylor’s series up to the first derivative around a set of initial values,

,Bf' =(B), 5, 3)) and representing the required parameters appropriately,
Set ,=8,-p)

Y= £ = f (x4

And the set initial values given as

A =555,

Then the Gauss Newton method can be generalized as

0 =B
poy oy TEBNWIB) e 0o Sadio L2 N G

- B |p=p"
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Expressing out in terms of the parameters of the model, we obtain

Y_YI_O_M(ﬁo_ﬂg)+w(ﬂl_ﬂ0)+...+w(ﬁ/_ﬂ?)+U 3.4

Y} B, B,

1

Note that, YioZﬁo=f(Xi1,X,2,---,Xl.k,@(?,tﬂo,--~,6_';)) model with parameters,

replaced by 9](.), j=1,---,J and X's replaced by observed data

of (X
Let Z,.,.:—f( .5
L aﬂ/
and
=P~ 'Bf(')
Therefore,

Yi_YiO:Yi_fio:/1(;)211""/110221'"'"'+/1.?ZNI‘+U (3.5)

Then (3.4) can be written as

1

J
0 0 0
Y,-Y'=Y -7 =§.1,1].Zﬁ+U (3.6)
=

Where equation (3.4) is the partial j™ derivative of f(X,, ) with Bsreplaced by B

Equation (3.3) can be written as a linearized form of y; in the neighbourhood of 5 .

For N-observations we have

Y=/ =N+ B2+ + A2+ U,
Y= fy =R Zy+ N2+ + A2, +U, a7

Yy— o= N2+ W25+ + 420 + U,

JJN

1.€.
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Yl_flo Zlol Zgl Z.(I)l ﬂ’(? U
s | Ze 2o Zn| AU (3.8)

nert) 2z - 2] Lo,
In this study, the above matrix equation can be simplified as;
Y-1"=2"2+U (3.9)
where

Y- f"isan NxI column vector

Z'is an N x J matrix
A%1s an J x I matrix, the modified equation parameters and

U represents a well behaved error component

The derivation represented by Z is as follow;

o
le _5ﬂ0 [f(X’ﬂ)]

%
Zy ==,

% [/(X.5)]

_ oy
ZJN - aﬂ/ [f(X’ﬂ)]

Using the OLS method, we obtain the OLS estimate to be

S ’ ! ’

/1=(Z° Z°) 7"(D), (3.10)
where; D=Y — f*, Since, A} = ;- B , the revised estimate of B, is B

Hence, B = 2(,) +f) (3.11)
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This is the end of the first iteration, to start the second iteration, we use the ﬂjl.

instead

of ﬂjo and repeat all the processes above till the desired estimate is obtained.

Equation (3.2) can be minimized to obtain the sum of squares error by

S"(ﬂ)%{z—f"—zﬂ/"lzﬂ"}

S'(A) = ﬁ:[D - Z/Ijmzﬂ"} (3.12)

Where; S 0(/1) is the error sum of squares of the linearized model, therefore,

2 2 2
SO(’D :|:Yl _flo _Zﬂ’jozjlo:| +|:Yz _fzo _Zﬂ’jozj20:| +- '+|:YN _fNO _leozﬂvo}
J=1 Jj=1

J=1

(3.13)

Obtaining the (#+1)" iteration if ‘( B =)

/3"‘ <& ,where O is some predetermined

magnitude
Recall

0 1 0
A =B, - B

~0 . . . . .
where ,b’jl. =A;+ ﬂj(.’ is the end of the first iteration, to start the second iteration, we

use ﬂjl., the revised estimate as the initial values now, then repeating all steps above

and replacing the “0” superscripts by “1” will lead to another set of revised estimate

ﬂf which will mark the end of 2™ iteration.

Note: 9}0 =p'-B" e pB'=21+p" isageneral rule to follow;
A0 =B =B ie. B'=i0+pB° attheend of 1V iteration
%20 =B -5 e pB’= %0 + 3, at the end of 2™ iteration
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Qﬁl =p =B e p= 20 +B/" atthe end of r' iteration

-

0 _ r+l r . r+l __lar r th
=B B e BI=A+B’ at the end of (1)
iteration

-1
Hence; using equation (3.11) g™ =f" =[Z"Z'} Z" (Y- f")are the least squares

estimates obtained at the end of the (r+1) M jteration
ﬂr+l — IBr + /1

ﬂrJrl =ﬂr +2r

r

ﬁr — j,r _ﬂrﬂ or ﬁr =ﬁr+l _2
ii. The Kmenta Approximation method

The CES function is non-linear in parameters and cannot be linearized analytically; it is
not possible to estimate it with the usual linear estimation techniques. Hence, the CES
function is often approximated by the “Kmenta approximation” (Kmenta 1967) has a
popularized and modified by Uebe (2000), Hoff (2004) and Henningson and
Henningson (2010, 2011, 2012) which can be estimated by linear estimation techniques.

Derivation of the Kmenta Approximation

Consider the CES function;
y:)/[éxl” +(1—5)x2”}%e“ (3.14)

where, V is the response variable, » determines the productivity, ¢, the distribution

parameter, 7, the substitution parameter, v, the scale parameterx, and x, are the

explanatory variables. U is the well behaved error component ( i.e. N(0, o))
Obtain the logarithm of equation (3.14) to have;
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ny=Iny-=In[éx~ +(1-6)x, " |+u (3.15)
T
Let f(r)=—=In(x, " +(1-58)x,") (3.16)
T

So that, Iny=Iny+ f(r)+u (3.17)

Approximate the logarithm of the CES function by a first order Taylor series

approximation and set 7=0

Iny~Iny+ f(0)+7f'(0)+u (3.18)

Let g(r)=dx "+ (1-3)x," (3.19)

Then, f(r) = —iln(g(z')) (3.20)
T

Calculating the first partial derivative of f(z)in equation (3.20) gives;

LO = ey = Lon(g ey - LEE) (3.21)
T T T g(7)

The first three derivatives of g(z) are;

Recall, g(r)=o6x"+(1-0)x, "
%: g'(r)=-8x "Inx, —(1-38)x, Inx, (3.22)
% =g"(t)=6x, "(Inx)’ +(1-3)x, (Inx,) (3.23)
% = g"(t)=-6x, (Inx,)’ —(1-8)x, (Inx,) (3.24)

At the point of approximation, letz =0, we have;

g(0)=6x,V+(1-5)x,” " (3.25)
g'(0)==6x, YInx,-(1-8)x, " Inx, (3.26)
g"(0)=6x,"(nx)* +(1-3)x, "(Inx,)’ (3.27)

44



g"(0)=-5x,""(Inx)’ - (1-5)x, (nx,)’ (3.28)

This implies;

g(0)=5+1-5=1 (3.29)
g'(0)=-6lnx,-(1-68)lnx, (3.30)
g"(0)=5(nx,)* +(1-8)(In x,)’ (3.31)
g"(0)=-5(nx)’ - (1-5)(Inx,)’ (3.32)

Also, the limit of f(r)when 7=0is;
£(0) =lim £ (z)

— lim - v E&E)
S(0) = lim—v ==

£(0) =lim—v g(lf)

f(0)=v(Slnx +(1-58)Inx,) (3.33)
The limit of f'(z) when 7=0 is;

/1(0) = lim f'(z)

£1(0) = lim %ln(g(r»—w]
70 T Tg(f)
vln(g(,))_w

2
T

vg'(z) vg'(r) _ g"(1)g(r)-(g'(x))’
£7(0) = lim g(7) g(7) - (g(7))
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"0 = lim_ L& (0)e@) = (' ()’
SO=1m-s (2(7)’

v g"(0)g(0)-(g'(0)’
2 (g(0))?

f'(0) =
70) = 7§(§(ln X))+ (1=8)(Inx,)’ = (=8Inx, —(1-5)Inx,)")

f'(0) = 7%(§(ln )+ (1=-68)Inx,)>-8*(nx)*-28(1-8)Inx,Inx, - (1-35)*(In xz)z)

£'(0) = —%((5 5 (nx)* + ((1-8)-(1-38))(nx,)* -25(1-5)Inx Inx,)
£'(0) = —%(5(1 ~8)(Inx)’ +(1-8)1-(1-8))(Inx,)’-25(1-5)lnx Inx,)
7'0) = - Vﬁ(lz—_ﬁ)((ln x)’ + (Inx,)> = 21In x,In x, )
)= =202 (ko ) (3.34)
Substitute equation (3.33) for /(0), and equation (3.34) for f'(0)
Recall from equation (3.18), the first order Taylor series approximation around 7 =0is;
Iny~Iny+vslnx +v(l-5)lnx, —%vr&(l ~&)(Inx, —Inx,)> (3.35)

Derivatives with Respect to the Coefficients from equation (3.14)

Derivative with respect to “Gamma”

@ _ [6x, +(1-8)x,7] "e"
dy

@ = exp(—zln[ﬁxl‘f +(1- 5)x2_r]] e
dy T

T
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Z—yzexp(f(0)+rf’(0))e" (3.36)
y

Recall, f(0) and f'(0) from equation (3.33) and (3.34) respectively and substitute into
equation (3.36) then;

Z—y:exp(vé'lnxl+v(1—5)lnx2—%vzﬁ(l—&)(lnxl—lnxz)zje“

e

A _ vy vies _1 _ - 2 | e 3.37
7 =x,""x, exp 2vr5(1 o)Inx, —Inx,) |e (3.37)
e

Derivative with respect to “Delta”

dy v -7 -7 - -7 -7\ U

%:_7;(5)61 +(1_5)x2 ) : (xl ) )e

dy x—T -X - -7 -7 —-1 u

%:_w—l - 2 (ox T +(1-0)x, ) 7 e (3.38)
Let % !

fo0) = 2 (ox T+ (1= 8w, ) 7

-7

fs(@) = xlT—xzrexp(—(£+ ljln (5xl" +(1-6)x,7" )J (3.39)

Equation (3.38) can be approximated using the first order Taylor series approximation

of £, (r);

j—f5= v (2)e”
% ~ (£, (0) + 7.1, (0))e" (3.40)

Define the helper functions ¢ (r) and x,(r)

g,(7) = (L ljln(&xlr +(1-6)x,")
T

g,(7) =£1+1j1n(g(r)) (3.41)
T
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Xy

hy (1) = xl%

Take the first derivatives of equation (3.41) and (3.42) and subject 7=0;

bV v, .10
gs(7)= 2 ll’l(gg(l'))-i-(z_ +1) 2(7)

Bl (z) = —7(In x;x,”" —In Jizzxz’r) -x, " +x,

Substituting into equation (3.39); f5(t) = hy(t)exp(-g,(7))
And differentiating using product rule, we obtained;

1[5 (@) = I (7) exp(=g, (7)) = hy () exp(~g,(7)) g5 ()
Now taking the limits of g (z), g/ (z), h,(r) and x.(r) for =0 by

g5;(0)= 1}3}&?(7)

g,(0) = lim ((1+ ljln(g(‘r))J
70 T

_ i D) In(g (7))
g5(0) = lim -

g'(r)
g(o)

In(g(z))+(v+7)

2,(0)=lim 1

g'(0)
g(0)

85(0) =1In(g(0)) +v
g5;(0)=-volnx —v(l-95)Inx,

Cvin(g(z) + (v + 7))
Secondly, g, (0) = lim g(7)

2
T
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_,&@ F(v+7) g'(r)

« ¢ e r(a & O8O -(E@)
25(0) = lim —&% =t

)
) (g(r)’
27

L. 8@
2(r

- CO NN 4 D B 4 ) B g’(f)H(V”)g "(1)g(r) - (g'(x))*
g(7) g(7) g(7) g(7) (g(z))?
27

2;(0) = lim

0 = 1im [ £@) g"(0)g(0) - (g'(0)’ j
&0 f%[g() FoenERE

g'(0) , 1vg"(0)g(0)-(g'(0))’

/‘ 0 —
&= T2 (2(0))?

g, (0)=—-51n xl—(l—é)lnxz+V5(12—_5)(1nx1—1nx2)2 (3.48)

Thirdly, h,;(0) = lim XN TX
>0 T
h,(0) = lim —Inxx " +1Inx,x,°
0 1
hs(0)=-Inx, +1nx, (3.49)

_r e -
—r(Inxx " —Inx,x,")—x " +x,

2
T

75(0) = 1im

72(0) = lim [ —(Inxx, " —Inx,x, ) +7((Inx)’x, " —(nx,)’x, ") N Inx,x, " —Inx,x,”" J
>0 27 27

hj(0) = lim — ! ((lnx) x = (Inx,)’x,")

1. (0) =;—((1n )}~ (Inx,)?) (3.50)

So that we can obtain the limit of . (r)and f/(r) for z—0 by
f5(0) = lrii% Js(7)

£5(0) = tim (h, () exp(-g, (7))
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£5(0) = lim h, (7) lim exp(~g,:(7))

£5(0) = lim h () exp(~lim g, (7))

Sf5(0) = h;(0)exp(-g,;(0))

£,(0)=(=Inx, +1Inx,)exp(vSInx, +v(1—5)lnx,)

£5(0) = (= In x, + In x,)x, " x,"0™ (3.51)
Also, £3(0) = 1im £(z)

£1(0) = lim (} () exp(~g, (7)) ~ by () exp(- g, (7)) g} (7))

£3(0) = lim &} (z) lim exp(—g, (7)) — lim , (7) lim exp(-g, (1)) lim g} ()

£3(0) = lim k} (7) exp(~1im g, ()~ lim &, (z) exp(~lim g, () lim g} (¢)

f5(0)=h;(0)exp(—g,;(0))—/;(0)exp(-g,;(0))g;(0)

f5(0) = exp(-g,(0))(n;(0) - h;(0)g;(0))

f5(0)=exp(vdlnx, +v(1-5)Inx,)

(%((m %) =(Inx,)")=(~Inx +In xz)[—é Inx, —(1-5)Inx, +M(m x, —Inx, )ZD

F10)=x," +x, 07 G(m x) —%(m x,) +lnx, —Inx, (—5ln x, —(1-8)Inx, +@(m x —In xz)ZD

V(1= 3)
2

S30)=x" + xz”“"”(%(ln x)’ —%(m %) =8(nx) —(1-8)Inx Inx, + Inx,(Inx, —Inx,)* +5Inx Inx,

+(1-6)(In x,)? —@m x,(Inx, —Inx,)?)

f5(0) = le5x2"(1'5)((%— d)(In xl)2 + (%— 9)(In x2)2 - 2(%— 0)lnx Inx,

0020 (10 i, )

vS(1-8)
2

£5(0) = x,"x,""% ((%— 5] (Inx, —Inx,)” + (Inx, =Inx,)(In x, —In xz)zj
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0 =xrago( L g, 2800

1-25 +v8(1=8)(Inx, ~Inx,)
1

f;‘)"(o): > xzv“?é‘)(ln x; —In x2)2

(In x, = In x, )j (Inx, —Inx,)’

(3.52)

Substitute equation (3.51) and (3.52) into equation (3.40) approximate % by
dé

s (O fO)e

% ~—yv ((— Inx, +Inx,)x"x" " +

Y .

2

, 1-26+v6(1-8)(Inx, —In x,) X0 —]nxz)zje"

do

o w1-) _ 1-26+vo(1-0)(Inx, —Inx,) xlvﬁxzvs(l—ﬁ) (Inx, —In xz)zjeu

}/v((lnx1 —Inx,)x" x, 5

2

dé
Derivative with respect to “ V”

dy
dv

= x—y lln(m;f +(1=8)x, ) 6x,  +(1-5)x,7) "e"
T

d_yz 7v(ln x, —In xz)xlv&xzv(p&) (1_T1—25+v5(1—5) (Inx, —In xz)jeu (3.53)

Let  f(r)=Ltin(ox, "+ (1= 6)x, )6x " +(1-8)x )
T

£.(2) =S In(Sx, 7 + (1= 8)x, " )exp (-lln(axlf +(1- 5)x2T)j
T T

Using Taylor series to approximate f (r)

%= S ()

dy . . ‘

Ly () 7 £10)e
\%

Derive the helper function, ¢ (r)
g.(1) = TIn(@x, "+ (1= )%, )
T
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g,() = “In(g () (3.55)
T

The first and second derivative

8O (o))

gi(r)= £(@) pe
TR

120 g0 1@ ) 1 g@)

g.(7) =~ ? g(r) g(r) 7 (g(n)’ 7’ v’ g(7)
L8, ") (' (@) | 2In(g (7))
g'(r)=— 80 g (g(2)’ (3.57)
v z_3

Using the function f(r) defined above, so that
S (@) =g, (z)exp(f (7)) (3.58)
And £ =g/ @exp(f (@) +g,(Dexp(f @) f' (@)  (3.59)
Calculating the limits of equation (3.75), (3.56) and (3.57) for 7 — 0 by
g,(0)=limg (7)
£.(0) = lig 2E5)

g.(7)
£.(0) = lim £L-

g,(0)=-8Inx,-(1-51nx,) (3.60)

2/(0) = lim g/ (7)

g (0)= lim[

70

120 _In(g(0)
gty 7
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€O )

, . g(o)
g,(0)=lim =

g, &'@Me)-(g@) g
g(z) (g(2))* g(r)
27

g,(0) =1im

) i £ OO~ ('@
SR e

g"(0)g(0)—(g'(0)’
2(g(0))*

2,(0)=
g (0)= %(5(ln %)’ +(1=8)(Inx,)’ —(~5Inx, —(1-8)Inx,)’ )

2'(0)= %(5(111 x)’ +(1-8)(Inx,)’ =5 (Inx,)* = 25(1-8) In x, In x, - (1- )’ (In x,)° )
g/ (0)= %((5—52)(ln %)’ +((1-8)-(1-5)")(Inx,)* =25(1-5)Inx, In x, )

g'(0)= %(5(1 ~8)(Inx,)’ +(1-8)(1-(1-))(Inx,)’ ~25(1-5)Inx, Inx, )

o 0(1=0)
g,(0)= 5

((ln)cl)2 —2Inx Inx, +(lnx2)2)

5(1-5)

g2.(0)= (lnxl—lnxz)2 (3.61)

We can calculate the limit of f(zr) and f(z) for 7—0 by

£,0)=1im f£,(7)
£,(0)=lim(g,(z) exp(f (7))

£,(0) = lim g, (7) lim exp(f (7))

£,(0) = lim g, (z)exp lim 1 (7)
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£.(0)=g,(0)exp(f(0))

£(0)=(=6Inx,—(1-6)Inx, )exp(v(dInx, +(1-5)Inx,))
£,(0)=—(5Inx, +(1-3)Inx,)x"x," " (3.62)
£(0) =lim £/ (z)

£.(0) =lim(g!(z)exp(f (7)) + g,(r) exp(f (7)) /(7))

£1(0) =lim gl (7)exp(lim /(7)) +1im g, (2)exp tim /() Jtim /'(7)
£(0) =g, (0)exp(f(0))+g,(0)exp(f(0)).f"(0)

1(0)=exp(f(0))(g,(0)+g,(0)/'(0))

P (tnx,~Inx,)? + (81, ~(1-8)nx,)

fl(0)=exp(v(Slnx, +(1-5)Inx,))
[— V5(12_ %) (Inx, —Inx, )2)

£1(0) = x,"x,"" ‘5)5(26)(lnx1—1nx2) (1+v(SInx, +(1-5)Inx,))

Py

And approx1mate
dy
P ~ =y (/,(0)+7 f](0)e"

g—y~7/e (Olnx, +(1-0)Inx,)x"x Yx 5“ ) —ye X, ‘Sx -0 00 = 5)(lnxl—lnx2)2(1+v(§lnxl+(l—5)lnx2))

Z~7/exl‘5x2“‘;)(é‘lnxl+(l—§)]nx2)—r5(l %) (Inx, —Inx, Y (1+v(Snx, +(1— a)lan))) (3.63)
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Derivatives with respect to “ 7”

6y v vV —r AN
Ezye T—Z(5xl +(1-9)x, )

v
T

In(8x " +(1-8)x,7)

v

+ye" Z(é'xl” +(1-6)x," )7(’+1) (5?514 Inx, +(1-06)x,”" Inx, )
T

@ _ ye"v(iz(ax;f +(1=8)x,7) *In(dx " +(1-3)x, ")
or 4 V (3.64)
+ l(gxlfr (- 5)x;)7(?”) (6% " Inx, +(1-8)x, "Inx,))
T
Now, defining the function £ ()
| R S\ - 4
i@ =857 +(1=8p7) “In( 8% +(1-0),7)

(3.65)

v
—+
T

é(&qu(l—mf){ o g 1= )

So that % can be approximated using the first-order Taylor series approximation of
T

f(@):

0 \
a—y . ()e

=

Gl OV

Fole yv(f(0)+7£(0))e (3.66)
Define the help function g_(r)

g.(1)=0x, " Inx, +(1-90)x, "Inx, (3.67)
The first and second derivative

g/ (r)=-0x"(Inx,)* —(1-5)x, "(Inx,)’ (3.68)

g/(r)=0x"(In x1)3 —(1-9)x, "(Inx, ) (3.69)

55



Then use the functions g(z) and g,(7) all defined above so that

|- . -
f,(r):r—z(ax1 +(1=8)x,7) *In(Sx, " +(1-5)x, )

vV
—+1
T

+ l(5x;f +(1-8)x, " )’( ) (6% Inx, +(1-5)x, Inx,)
T

fi(r)= ;_2(5x1_, +(1-8)x," )’5 In(&x " +(1-0)x,”)

1 _ _ _ e\l _ _
+= (8% +(1=0)x, ") T (0x, T +(1=0)x, ) (6% Inx, +(1-0)x, " Inx,)
T
1 -7 -T _E l -T _ -T -T _ —r\! -7 _ -7
f,(f):;(gx1 +(1-8)x, ") (Tln(éxl +(1=8)x, " )+(6x, 7 +(1=8)x, ") (6%, Inx, +(1-8)x, lnxz)j

f(0)= lexp(—lln(sxﬁ +(1-8)x,” ))
T T

(lln(&cl’ +(1=8)x, )+ (0x, " +(1=8)x, ) ' (8x, " Inx, +(1-5)x, " In xz)j
T

o= exp(—g,(0)(g,(1) + g(2) 'g.(2)) .70

r

And we can calculate its first derivative below as;

f@=— exp(—vgv(r»gxrf)z(gv () +g(0)'g.()
T exp(—vg, (1))(£,(r) - g(2)*g'(1)g,, (1) + g(2) ' g.(7))

T2

B exp(—vgv(f))(gv(f) +g(7)" gr(f))

2
T

_exp(-vg, (1)e (—vel (g, (1) —1gl()g(1) ' g. (7))

(@) >
+exp(—vgv(r»r(g;(r)—g(r)*g'(r)g,u)+g<r>-1g:<r>)
T2

~exp(-vg, (D)) (g, () +2(0) 8. ()

2
T
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£(0)= Mm—@ ().(7)-vg (D) g.(2)

+2,(1)-g(1) " g'(Dg(n)+g(r) ' gl (7) —g,(1) - g(r) ' g.(7))

f(0)= M((—wgﬂ (0)g,(2)-veg! (Dg(0) " g.(7)

(3.71)
+18l(1)—1g(1)* g'(1)g () +7g(7) ' gl (1) —g,(v) - g(r) ' g. (7))

Calculate the limits of g_(r) and g/(r) for 7—0 by

g.(0)=limg, ()

g.(0)=lim (6% Inx, +(1-J)x, " Inx,)

g, (0)=0Inx 171_r>r01 x "+(1-0)lnx, 1r1_r>ro1 x, "

g.(0)=5Inx +(1-5)Inx, (3.72)

g/(0)=limg!(7)

g(0)=1lim (=0x " (Inx,)* =(1-8)x, " (Inx,)’)

2'(0)=-6(nx,)’ lrlg(} x, = (1-9)(Inx,)’ lrlil’(} x, "

g (0)=-6(nx,)* —(1-8)(Inx,)’ (3.73)
Therefore, the limit of f.(z) for 7—0 by

£,0)=lim ()

T

7(0)= hm(exp(—vgv (D). +2() g, <r>)]

o —vexp(—vg, (0)g, ()(g, (1) + 2(7) ' g, (7))
£,(0) =tim( 1

g'(1)g (1) + g(r)'lgé(f)))

L exp(-vg, (D)8, (1) ~ g(7)

1
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1.(0) =—vexp(-vg,(0)2.(0)(£,(0)+g(0) ' £,(0))
+exp(—vg,(0))(2.(0) - g(0) > g'(0)g,(0) + g(0) ' g.(0) )

£.(0) = exp(—vg, (0))(-vg.(0))(£,(0) + (0) ' g,(0))
+exp(—vg,(0))(2.(0) - g(0) > g'(0)g,(0) + g(0) ' g(0) )

£.(0) = exp(-vg,(0))((—v2,(0)(£,(0) + 2(0) ' g,(0))
+2.(0)-g(0)? g'(0)g,(0)+g(0)" (0))

@(lnx1 —Inx,)*(-8Inx, —(1-8)mx,+5nx, +(1-35)Inx,)

£.(0) = exp(—v(=S In x, —(1- &) In x,)) [—

+5(1—6)
2

(Inx,—Inx,)> = (=5 Inx,— (1= 8)Inx,)F Inx, + (1-5)Inx,) - 5(In x, )’ —(1—5)(lnx2)2)

£.(0) = x,"x,"0® [%5(1 ~8)(Inx,)* = 5(1-5)Inx, Inx, + %5(1 ~8)(Inx,)* +5*(Inx,)’ +25(1-8) Inx, Inx,

+(1-8)’(Inx,)’ =8(Inx,)’ —(1-5)(Inx,)°)

£.(0) = x,"x," (Ga(l —5)+3° - 5} (Inx,)’ + Gs(l ~8)+(1-5)-(1 —5))

(Inx,)” +5(1-8)Inx, Inx, )

£.(0) = x,%x," 0 ((%5—%52 +5° —§j(ln x,)’ +G5—%52 +1-25+ 65 —1+5)j

(Inx,)’ +5(1-58)Inx, Inx,)

£.(0)=x"x,"" ((—%é?%é’zj(lnxl)z +[—%5+%52j(1n x,)’ +8(1-6)Inx, lnxz)
£.(0) = x,"x," " (—%5(1 —8)(Inx,)? —%5(1 ~8)(Inx,)* +5(1-5)Inx In xzj
£.(0)= —%5(1 =0)x"x,""™ ((Inx,)* +(Inx,)* = 2In x, Inx, )

£.(0)= —%5(1 —8)x,"x," 7% (ln x, —Inx, )2 (3.74)
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Substituting where necessary in the Taylor series approximation in equation (3.35) we

obtain the Kmenta approximation below;
Iny=¢,+¢Inx, +¢ Inx, +%B“(lnx1)2 +%Bzz(lnx2)2 +B,Inx Inx, (3.75)

5= @ ’ T:Blz((01+(/72), and

(% (1%

Where; y=exp(@), v=¢,+@,

BIZ = _Bll = _Bzz

3.2 Bayesian Estimators of Nonlinear Production Functions

A Bayesian data analysis using Markov Chain Monte Carlo technique (MCMC) often
involves a confusing array of sampling procedures and probability distribution (Hoff
2009). With this awareness, one can distinguish the statistical data analysis from that of

numerical approximation.

3.2.1 The Non-Linear Production functions  with

Independent Normal-Gamma Prior

The Cobb-Douglas Model with Multiplicative Error Term.

Given the following production function
y, = B X XL e (3.76)

Linearizing equation (3.76) by taking natural log of both sides of the equation to

obtain:
In(y,) =In(4)) + 4, In(X;)) + S, In(X,,) +u, (3.77)

The specification in equation (3.77) is now linear in logs of the dependent and the

explanatory variables entered in an intrinsically linear way can further be expressed as
Y =8, +BX +BX, +¢ (3.78)

where
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In(y)=Y"

In(4)=p5
In(X;)) = Xl*
In(¥) = X;

u =& ~N(0,0°1)
3.2.2 The Likelihood Function

. . 1 :
If the log normal regression mean X ﬁ and error precision is h=— , with random
o

variable In(y") as the data information, the expression for the likelihood density can

be generally written as:
N

L@)= In[f(y]10)] (3.79)
i=1

where, L(6) is the likelihood function for the transformed model, for a normally

distributed variable of interest we can write the log likelihood as follows:

£©=3] J% —expl- 2(; O -X' B -X B (3.80)

i=1

Concretely, using the multivariate normal density to denote the log likelihood for the

above observation as follows:

P(y* |ﬂ*,h*)
which is given as:
P IS )= enl 07X PG =X BN (8D)
(2n)?

60



3.2.3 The Prior

The non informative prior used in this study is independent normal —gamma denoted

by P( ﬂ*,h*). This type of prior is used because of the little or no information

available about the variable. In the independent random variables, it follows that,
P(g.0°)=P(p")-P(K)

P(ﬂ* )isnormal and P(h*) is Gamma:

where, C; is the integrating constant for Gamma, it is deduced that: £ [ ' y*] = é* is
the prior mean of #° and Var( ' h*) =V is the prior covariance matrix of £ with

which the mean of 4" is s “and v degree of freedom.

3.2.4 The Posterior Density

The posterior density is proportional to the product of prior and the likelihood. This
implies that information obtained after seeing the data and some mathematical

techniques applied could be conjugate or independent or having numerically imposible

and unfamiliar distribution form denoted by P(5",4" | y").
Note:

P(,B*,h* |y*)¢P(,B* |y*,h*)-P(h* Iy*,,B*)
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Then, the posterior:

P(B 1|y )> LY | B H).p(B 1)
N

h 2

27r)

v-2
lh 2 exp(zlzrj
N+v-2

P(ﬂ',h*|y*)ocexp[—a{h*(y"—X‘ﬂ‘)’(Y*—X‘ﬁ") (BB V(- ﬂ*)}h 2 exp(zs ](3 .82)

P 13) e (-0 =) | s ee] - ()|

(22)2

—_

this joint posterior density for S and 4" does not take any well-known distributional

form; so it cannot be solved analytically but only through a posterior simulation

method.

The Matrix Multiplication to Simplify the Posterior Distribution of Cobb-Douglas

(non-linear) regression Model with multiplication Error Term.

1
From equation (3.82), the expression in the outermost parentheses ignoring (_5)

becomes;

WY -XB) (=X B) B~V (5 )
:h*(Y*'Y"—z,B*'X*'YJr ﬁ*X*’X*ﬁ*)+(ﬁ“ ~BYV (B -B)

—KYY 2 BX Y W XX BV 28V pr BV B

P

—hYY+/3 v /3 ARV AR XX =28 (XY Y ,B) (3.83)

Let V' =(V " +h" X" X")"

(3.84)
-1 -1 * ol *
B =V XY+ g (3.86)
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Hence, substituting back (3.84), (3.85) and (3.86) into (3.83) to have,
WYY 4BV BBV 28V B (3.87)
* —_—] —x

carrying out a simple mathematical assumption by including -8 V j and

— —

+4 Vﬁlz* into (3.87) above which does not change anything in the equation but

achieve the desired result as follows

$f —_] —=x

R R A Y A Y L A N R A

kol —_] —x

—nYY BV g BV BBV g2V BBV R
Let,

— sl — ] —x

0= WYY 5V BT
and
B =BV B -Br=pV -2V BBV B
SHEY XYY -X )+ ~LYV B ~F)=(F BV (F-F)+0 (3.88)

Substituting the expression in equation (3.82) for the expression in equation (3.88), we

obtain

‘h*jj(3.89)
2s

P 1Y) *e"pb (r-7)7(# —ﬂ*)}}-exp[—ig]h”l” em(

By ignoring the terms that do not involve £° in equation (3.89) we obtain,
* * * 1 * - ' -1 £ "
P(B 17 h )ocexp{—z{(ﬂ BV (5 -5 )}} (390)
Which implies that g | y*,h" ~ N (Z’*,V), a Multivariate Normal density
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Where, V' = (" +h'X"X") " and B =T (hx "y + 7' §)

Similarly, by treating equation (3.89) as a function of 4 ignoring terms that do not
involve / we can obtain
N+y-2 *

P(h |y B )och™ > exp[—%{(Y* X B =X ) +vs'H] (3.91)

This also implies that (A" | y*, 87) ~ G(E_z,\_/), a Gamma density

* s LAV * * ok 2
Where, ;=N+yand szz(Y _Xﬂ)(Y_ X' B )+vs

v

The formulae of equation (3.90) and (3.91) look familiar to those of the conjugate

normal-gamma priors now but do not relate directly to the posteriors of interest, since
P(ﬁ*,h* |y*) # P(ﬂ* |y*,h*)0P(h* |y*,ﬂ*). Therefore, the conditional posteriors in
equation (3.90) and (3.91) do not directly tell everything about the posterior,

P(ﬁ*,h*| y*). Nevertheless, there is a posterior simulator called the Metropolis-

Within-Gibbs which makes use of the conditional posteriors like (3.90) and (3.91) to
produce random draws g*“ and 2" for s =1,2,...,S which can be averaged to produce

estimates of the posterior properties just as the Monte Carlo integration.
3.2.5 The Cobb-Douglas Model with Additive Error Term.

The nonlinear model is of the form
y, =B XX +u, (3.92)

By factoring out the S X lﬁ ¢ f * from equation (3.91) we have

=B XAXE |1 — 3.92
Y = B Xi X ( ,BonH]XfZ J ( )
Let v=— "% __ then equation (3.92) becomes

B X X7
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v, =B XX (1+4) (3.93)
Taking the log of both sides to linearize the above equation, we obtain;
In(y;) =In(f)+ f In(X;) + 3, In(X,) +In(1+v) (3.94)
Let p =1+ v, such that
log,(p) =log, (1+v) (3.95)
Substituting equation (3.95) into (3.94) gives
In(y,) =In(4) + 4 In(X;,) + B, In(X,,) +In(p) (3.96)
Which can be further expressed as:
Y =B+ X+ BXT, (3.97)

Where,

In(y,)=Y"

In(3)=f,

ln()(il) = Xl**

s

ln(Xiz) = Xz*

Inp=u
which means that the same procedure for analyzing the “Cobb-Douglas with

Multiplicative error term” is also applicable.

3.2.6 The Likelihood Function

. . . . 1
The log normal regression mean is X Pwith error precision as 2 =—, and random
o

variableIn(y) which is the data information, the generalized likelihood density can be

written as:
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L(0)= Zln[f (:10)] (3.97)

Where, L**(Q) is the likelihood function of the transformed model, then the expression

of normal log likelihood is as follows:

- 1 L e e e e
L (9)_502 <°«Xp(—202 v -X P -X p) (3.98)

The log likelihood multivariate Normal density denoted by:
P(y"| B.h)

and can be given as:

N
2

h

P 1) =— el 507 - XA X (399)

(27)
3.2.7 The Prior

This is defined as the information we have about a particular study before seeing the

data and the independent prior is denoted by P(f,h)
From the law of independent random variables, its follows that,
P(p.h)=P(B)-P(h)

Where P(f3) is normal density and P(4) is Gamma density

PP =l e 350 (5-5)]
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Where, C; is an integrating constant for Gamma, the E [ il y] = f is the prior mean of

B, Var( B h)=V is the prior covariance matrix of g, the mean of kis s ~and v

degree of freedom.
3.2.8 The Posterior

A posterior can be defined as the product of the prior and the likelihood, which is also
the information obtained after seeing the data and some mathematical techniques being

applied, it can be a conjugate or independent or not taking a familiar distribution form,

usually denoted P( L.h y**) )

Then, the posterior:

N

Ay )= - @q{ x4 (v X*ﬂ)} — > eq{ MV&@ 1};25{%/}

) xes| S X A X Aol p- 0 i} e 2] G100

the joint posterior density for g and % in equation (3.100) does not take any well-

known distributional form; so it cannot be solved analytically but only through a

posterior simulation method.

The Matrix Multiplication to Simplify the Posterior Distribution of Cobb-Douglas
Model with Additive Error Term.

The expression from the equation (3.100) can be given as;

(Y =X"BY (" = X"B)+(B- YV (B~ B)
= h (Y**'Y** —28' XY + ﬁX**'X**/f)+ (B-B)V (B-B)

=hY"Y" =203 XY+ W XX B+ BV B2V B+ BV B

skl ok

= +pV ﬂ+ﬁ(V XX 28 (hXTYT 4V ,8) (3.101)

Let I7=Q/’1+hXWXN)_l (3.102)
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= V% = (K_l + hXWX**) (3103)

B=V XY +V ' B) (3.104)

Hence, substituting (3.102), (3.103) and (3.104) back to equation (3.101) to have,

=YY" BV BBV B2V B (3.105)

]—

carrying out a simple mathematical assumption by including —FV p and

+f V"B into the equation (3.105) above which does not change anything in the

equation but hel[ped to achieve the desired result and have;

_— ] —

WY g g B p-2pV BB B F TR

11—

WYY+ BV BBV B+BV B-28V B+BV B
Let,
Q=hY"Y"+ BV B~V Band(B-BV (B-P=BV -2V B+V B

=Y -X"BY -X"B)+(B-BV (B-P=B-BV (B-H+0  (3.106)

Substituting the expression in equation (3.100) for the expression in equation (3.106),

to obtain
AShy) %@@H{(ﬂ—ﬂ)yffl(ﬂ—ﬂ)}}em[-igh]vzw @?[sz] (3.107)

By ignoring the terms that do not involve g in equation (3.99) to obtain,

—1

ok 1 —\' et
P(ply ,h)ocem[—g{(ﬂ—ﬂ) v (ﬂ—ﬂ)}} (3.108)
Which implies that B|y",h~N (ﬁ, 17), a Multivariate Normal density
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Where, V: (K71 +hX**!X**)—1 and E: V(hX**/Y** n K_lﬁ)

Similarly, by treating equation (3.107) as a function of h ignoring terms that do not
involve h one can obtain
N+v-2

P(h1y . pB)ech > exp[—g (X" B~ X" B) 4] (3.109)

This also implies that /| y™, 8~ G(s ,v),a Gamma density

ok ok , o . 5
Where, v=N+vand 52:(Y - X ﬂ)(Y_ X p)+ys
\4

The formulae of equation (3.108) and (3.109) look familiar to those of the conjugate

normal-gamma priors now but it does not relate directly to the posterior of interest,
since P(ﬂ,h | y**) # P(ﬂ | y**,h)OP(h | y**,ﬁ). Therefore, the conditional posteriors in
equation (3.108) and (3.109) do not directly tells everything about the posterior,
P ( L.h| y**).Nevertheless, there is a posterior simulator called the Metropolis-
Within-Gibbs which makes use of the conditional posteriors like (3.108) and (3.109) to

produce random draws ﬂ“) and 2" for s =1,2,...,S which can be averaged to produce

estimates of the posterior properties just as the Monte Carlo integration.

3.2.9 The CES (Non-linear) Production Function Model with a

Multiplicative Error term.

v

y=7[5x1'7+(1—§)x2'r:|7 e" (3.110)

Where, y is the response variable, y,5,7 and v are the nonlinear regression

parameters, X, and x, are the explanatory variables. Uis the error component (well

behaved, i.e. N(0,67) ). Also, parameter y €[0,) determines the productivity,

6 €[0,1] determines the optimal distribution of the inputs, re[-1,0)uU (0,)
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determines the elasticity of substitution, which is o =

,and v e [0,0) is equal

(1+7)
to the elasticity of scale.
The CES function can be written in the form
Iny=Inf(X,y)+u (3.111)

INVESTIGATION OF THE THREE SPECIAL CASES OF THE CES
FUNCTION

(i) When 7—>0 , O approaches 1, and the CES function turns to a Cobb-
Douglas form i.e. o =1/1+0)=1, where labour and capital are perfect
substitutes and easy to work with.

(il) When 7T-—>0 O approaches 0 and the CES function turns to the Leontief
production function. i.e. o = 1/(1+ ) = 0, where labour and capital are extreme
complements. Leontief’s theorem requires that labour has no effect on the
substitution possibilities between the capital inputs.

(iii) Whenz ——1, O approaches « and the CES function turns to a linear function
ifv=1 . ie. o=1/1+(-1)) = (undefined), where labour and capital are

extreme substitutes: This third part is shown below:

Recall the CES model in equation (3.110):

v

y=y [5}51’7 +(1-9)x," ]7 e"
Substituting forv=1, 7 =—1 and simplify;
_
y=y [5x1'('1) +(1- 5)x2'('”} D "
y=y[6x+(1-5)x,]e"
y=[rox, +y(1-0)x,]e"

Let ¢ =0 and @, =y(1-0) , then; y =[x, + @,x,]e" , taking the log of both sides
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Iny=In[gx, +@,x,]+u (3.112)

Since, in equation (3.112) the CES function is still nonlinear in parameters and not
analytical despite taking the logarithm of both sides, it is not possible to estimate with

the usual linear techniques.

Therefore, the CES function is often approximated by the “Kmenta approximation”

Kmenta (1967) which is then estimated by linear estimation techniques.

Substituting where necessary in the Taylor series approximation in equation (3.35)

from the classical approach section, recall the Kmenta approximation below;

lny=§00+(pllnxl+¢21nx2+%Bll(lnxl)2+%Bzz(lnx2)z+Blzlnxllnx2 (3.113)
B +
Where; y=exp(@), V=@ +0¢,, 5:L . = (2 (/72), and
ot ?Q,
B,=-B,=-B,

For the purpose of this study, equation (3.113) can be simplified as

V=@ + 0 F+0x, 40,0+, X, F @, X * (3.114)

1 1
Where; y*=Iny, x*=khx, x*=lhx, x3*=5(lnxl)2, x4*=5(lnx2)2 and

x*=Inx, Inx, in order to have a model of the form below which can be solved using

matrix techniques.
yE=x*A+e* (3.115)

Therefore, E[y*]=x,*A=f(X,y), the mean of eqn (3.115) where;
A =[g,¢ ¢ B, B, B,], x,* is the design matrix of N x K elements and the error

component is well behaved, i.e. ¢*~ N(0,h'1,), now the methodology of the OLS

can be used directly to obtain the parameters of equation (3.113) then substituted to
their respective representations ii equation (3.113) to get the values of the estimates of

the model, but of concern in this study is the Bayesian approach.
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Note: in equation (3.114) only the variables changed for convenience.

The following formulae is used at the likelihood level

I )

v

v=N-K, N is the sample size and K is the number of

parameters.

A=(x* x*) "' x* p*, where; x* the design matrix and y* response variables

3.2.10 The Likelihood Function

Since the form of f(X,y)is known to be f(x*,4) which is linear in parameters and

variables, then from equation (3.115) the likelihood function for this study becomes

N

p(y*/ A, h)= hzﬂ {exp{—%{y—x*ﬁ}’ {y—x*z}}} (3.116)
(27)°

Where; }L:(x ¥ x*)'x*yp*, x* the design matrix and y* response variables and

h= Lz still the error precision.

3.2.11 The Prior

Like the Cobb-Douglas section, the Independent Normal-Gamma prior is also

employed for this study depending on the form of f(X,y) which is only investigated

using its non-informative aspect.

Therefore, from the law of independent random variables we have that
P(A,h)=P(A)-P(h)

Where, P (1) is normal density and P () is gamma density

- _%ex—l—lfl—
Pl p|-3(4-2) 1" (2-2)]
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w2
and P(h)=C;'h? exp(zhf
s

Where, C,'is an integrating constant, It is deduced that: E[/l/ y*] =/ 1is the prior

mean of 4 and Var(/i/ h) =V is the prior covariance matrix of A , the mean of 4,

is s “and vis the degree of freedom.

3.2.12 The Posterior

Let the posterior (which is proportional to prior times likelihood) be denoted by
P(A,h/y*).

Mathematically, using P(2,h/y*)=P(y*/A,h)-P(1)-P(h),
But note that P(A,h/y*)# P(A/y* k) P(h!y*,A)

Then, the posterior:

H&My*):(iga{ z(y x*/l) (y x*ﬂ)} (WW ‘2(/1 AV G'n? exp[%vj

HAhy) oce»q{-;{h(y*—x*i)'(y*—x*i)+(H)’Vl(i—z)}}-hﬁﬁaq{;’i] 3.17)

This joint posterior density for A and /4 does not take any well-known distributional
form; so it cannot be solved analytically but only through a posterior simulation

method.
The matrix multiplication to simplify the posterior distribution

The methodology involved in the Cobb-Douglas section follows according but only
with change of parameters and variables for this section. The expression from

equation (3.117) can be given as:

h(y*=x*2) (v*=x*D)+(A- 2V (2~ 2)
=h(p¥ y*2Ax¥ p*+Ax¥ x* )+ (A= )V (A=)
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=hy* y*2RUX* YR AhAUX ¥ x¥ A+ AV A=2AV A4 AV A

—hy*¥ Yy AV A+ AV + b ¥ ) A=22'(hx* y*+V 7 2) (3.118)
Let V=V +hx¥x%)" G119V =" +k¥x%  (3.120)
B=V(hx¥ y*+V7' 2) 3. 121)

Hence, substituting equation (3,119), (3.120) and (3.121) to have,

=y ¥ YRV AR AT A=20T A (3.122)

——_]—

carrying out a simple mathematical assumption by including -AV A and

+7177171 into the equation (3.122) which does not change anything in the equation

but help to achieve the desired result and have;

—_ ———

¥ R AV A AV A—2AV A AV A+ AV 2

[— —_—

¥y AV A AV A+ AV =22V A4V 2

—_——]—

Let, O=hy¥y*+ AV 'A-2V 4 and

— =

A=V A=2)=AV A=22V 244V 2

= h(y*—x* ) F—x* D)+ A=V A= =(A-A)V A-D)+0  (3.123)

Substituting the expression in equation (3.123) for the expression in equation (3.117),

to obtain

(227" (/1—71)}} - exp[—% op exp{;s—hl;j (3.124)

P(A,h! y*) o exp{—%

By ignoring the terms that do not involve A in eqn (3.124) to obtain,

P(AIy*h) ocexp[—% {(1—1)'17‘1(/1—1)}} (3.125)
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Which implies that A/ y,h~ N (Z, 17), a Multivariate Normal density
Where, V=" +hx* x*)" and A=V (hx* y*+V ' 2)
Similarly, by treating equation (3.124) as a function of h ignoring terms that do not

involve h one can obtain

N+v-2

P(h/y*A)och 2 exp[—g{(y*—x*/l)'(y*—x*l)+\_/§2}] (3.126)

_72 p—
This also implies that 2/ y*, A ~G(s ,v),a Gamma density

- _ Kk 1Y (% 4k 2

v

The formulae of equation (3.125) and (3.126) are familiar to those of the conjugate
normal-gamma priors now but do not relate directly to the posterior of interest.
Therefore, the conditional posteriors in equations (3.125) and (3.126) do not directly

tell us everything about the posterior, P(4,4/y*).

After obtaining the values of the posterior estimates, then substitute where necessary to

obtain the real estimates of the model.
3.2.13 Metropolis-Within-Gibbs

Metropolis-Hastings Algorithm incorporated within a Gibbs sampler to draw samples
from the parameters whose full conditional probability density function cannot be
analytically determined.The algorithm gives a powerful posterior simulator for
P( 5l y)with which posterior conditionals used in the Gibbs Sampler that involvles
more than two blocks was introduced. Therefore, it should be noted that in some
models it is not an easy task to draw directly from P(B|y) as it may seem in this

study.

However, it can be shown that, if we use a Metropolis-within-Gibbs algorithm for
P(B|y,h), the resulting draws, B° and ¥ for s=1,2,---,5 are valid posterior

simulator draws.
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Since, the posterior conditionals arrived at in this study has no convenient form and the
marginal likelihood are undefined, we then introduce the Metropolis-Hastings

algorithm; particularly, the Metropolis within-Gibbs.

3.2.14 Steps involved in the Metropolis-within-Gibbs

algorithm

o (0)
Step 1: choose initial values for B ,
Step2: Generate X from the conditional of A/ .k

JACD)

Step 3: set the acceptance ratio @ = mindl, ¥
P P 7(B7)

Step 4: Sample U from a standard uniform distribution i.e. U[0,1]

Step 5: if U<argetx, :X*. If not set X =p

Step 6: repeat the above steps until the desired result is achieved.
3.10 The Metropolis—Hastings algorithm

The Metropolis—Hastings algorithm works by generating a sequence of sample values
in such a way that, as more and more sample values are produced, the distribution of
values more closely approximates the desired distribution, P(x). These sample values
are produced iteratively, with the distribution of the next sample being dependent only
on the current sample value (thus making the sequence of samples into a Markov
Chain). Specifically, at each iteration, the algorithm picks a candidate for the next
sample value based on the current sample value. Then, with some probability, the
candidate value is either accepted (in which case the candidate value is used in the
next iteration) or rejected (in which case the candidate value is discarded, and current
value is reused in the next iteration) the probability of acceptance is determined by
comparing the values of the function f{x) of the current and candidate sample values

with respect to the desired distribution P(x).
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3.2.18 Burn-In

This is a process of discarding the first S, of the S replications, by which S is
removed because the time it takes for the chain to converge varies depending on the

starting point, while the remaining draws say; S, is retained for the estimate of

E[g(B,h)! y], (posterior mean of # and h) where S;+S, =S . This is usually done

to make sure that the draws which do not converge are being eliminated from the
Metropolis-within Gibbs algorithm in order for our draws to get closer to the stationary

distribution of interest and less dependent on the starting point.

Note:

S

n 1 . .
gs,=— Z 2((B,M™) Converges to E[g(f,h)|y] as S, tends to infinity.
S 5=8,+1
Where, S is the number of draws taken, 5, are the draws discarded due to the effects

of the initial values, s, are the retained draws after burn in, g5 is the corresponding

estimates of the posterior mean, E[g(4,h)|y] after burn-in and g(B,h)"is the

function of interest at S draws.

3.12 Geweke Convergence Diagnostic

The Geweke convergence diagnostic test is one of the diagnostic tools to check if the
Metropolis-Hasting algorithm has converged. The Geweke diagnostic takes two
overlapping parts (usually the first 0.1 and last proportions) of the Markov chain and
compares the means of both parts, using a difference of means test to see if the two

parts of the chain are from the same distribution (null hypothesis).

The test statistics is a standard Z-score with the standard errors adjusted for
autocorrelation. It is known that if Convergence Diagnostics (CD) is less than 1.96 in
absolute value, then conclude that the convergence of the Markov Chain Monte Carlo

(MCMC) algorithm has occurred.
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3.2.19 Numerical Standard Error

Numerical Standard Error is defined as a measure of approximation error which

captures simulation error of the mean rather than posterior uncertainty.

VS {gs—E[g(B.) | y]} > N©.07)
(3.18)

As S goes to infinity, where o = var[g(f,h)| y], the variance of g and h,

Using the fact that the Standard normal has 95% of its probability located within 1.96

standard deviations from its mean yields the approximate result that:

P [-1 9625 < gs—E[g(f.h)| ]<196i}—095
r| —1. Is < s g(B.h)|y|<1. 75|17

By controlling S, the E'S—E[ g(B,h)| ylis sufficiently small with a high degree of

o
probability, The term —= is known as the numerical standard error.

Js
3.2.20 Data Generation Process (DGP)

In attempt to estimate the parameters of Bayesian nonlinear production function with
error specifications. We adopt Markov-Chain Monte Carlo (MCMC) experiments.

The Monte Carlo simulation technique was generated using the following:
Consider the nonlinear model of the form
Y=f(X,P)+e i=l...n e[l N(0,6°)
Where Y, are responses, f is a known function of covariate vector explanatory
variable(s), X, = (x,,...,x,)" and the parameter vector B=(f,...,4,)"is the

coefficient and ¢, are assumed to be uncorrelated with mean zero and constant

variance.
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ii.

iii.

1v.

Vi.

fixed the arbitrary values for the regression coefficient, for all the models i.e for
Cobb Douglas with S,i=0,1,and 2and for CES with £,i=0,1,2,3and 4and
for the intercept £, (X, =1)

generated the explanatory variables X from uniform U[0.1]distribution i.e
X,~U[0,1],i=0,1,2 j=12,..,N.

Also, generated the error terms &, from a standard normal distribution with

E(g)=0 and E(glz) =1 for i=1,2,...,n ieg ~N(0,1) in each of the model
Incorporated all the above steps in the models considered to obtain the dependent
variable (data of interest), Y/., j=12,3,..., N with varying sample sizes. N = 50,
100, 150, 250 and 500.

Finally, the Bayesian approached was introduced to obtain the estimates of the
models at different sample sizes stated above. However, since the joint posterior
densities for the three models did not take any well-known distributional form,
their respective Posterior estimates were not easy to compute due to its numerical

intractability and this consequentially lead us to conditional marginal posterior
distribution whereby p(4/y".n)~N(B.7)and p(n/y.p)~G(57,v) for Cobb
Douglas  production  function  with  Multiplicative  error  model,
p(p/y".n)~N(B.V) and p(n/y".p)~G(57,v) for Cobb Douglas production
function with additive error model and p(a/y.4)~N(Z.7) and
p(h/y'.2)~6(5*.7) for CES production function which were achieved by using

independent Normal Gamma prior via Metropolis-Within-Gibbs sampler.

The prior specification for £, 4 and v of three models for variance covariance matric

for [, the prior variance of the model’s residual and the prior degree of freedom

respectively shall be elicited by noninformative prior. A noninformative prior is one

assign equal probabilities to all possible states of the parameter space with the aim of

rectifying the subjectivity problem which nullifies the benefit of Bayesian analysis

because it reduces the latter to an inference based only on the likelihood. In one sense,

this noninformative prior has very attractive properties and, given the close

relationship with OLS results, provides a bridge between the Bayesian and frequentist
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approaches (Koop, 2003). This is why there is a strong objection to the practice of
noninformative priors. In this study we set v small relatively to N and V to a large
value which confirm that the prior information plays little role in the posterior and the

prior distribution is independent Normal Gamma prior.
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CHAPTER FOUR

4.0 Analysis of Data and Interpretation

In this chapter, the estimated paremeter results for Cobb-Douglas production functions
with additive and multiplicative models, and CES production for classical using Gauss

Newton Method(GNM) and Bayesian approached were reported

4.1 Cobb Douglas Production Functions with Additive and

Multiplicative Error

The regression coefficients f;, i =0,1,2 where g, is intercept, ,, B, are the coefficient

of capital and labour respectively for three scenarios considered under C-D production

functions when g, + 8, =1 ( B, =15, =0385p5, = 0.15)is known as Constant Return to
Scale, g, + B, <1 (ﬂo =15, =0.65,5, = 0.15) is the Decreasing Return Scale and

B+ B, >1 ( B, =15,5=0.90, 5, =0.20) is the Increasing Return Scale.The explanatory
variables were drawn independently from a uniform [0,1] distribution, x  ~ U[0,1],

i=0,1,2and j=1,2,..,N. when the errors were drawn from a standard normal

distribution, &, ~ N(0,1), incorporated into non- linear cobb-Douglas model to obtain the
response variable (data of interest) i.e y =g x/ix%e" and y = p X/ x% +u, . The

Bayesian log normal linear regression model was fitted using independent Normal

Gamma prior and achieved by using the non-informative prior which is the inverse of
precision (h) prior i.e. p(fB,h)a % The prior used are 0.001 (500.40), 0.005 (90.7), 0.01

(449.097) under the various sample sizes of N=50, N=100, N=150, N=250 and N= 500

with the standard deviations (SD) in parenthesis. Direct sampling from the joint posterior
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p(B/ y,h) is achieved using the posterior simulator technique called metropolis- within-

Gibbs algorithm, which was used to obtain the posterior estimates by setting up a 10,000
iterations and a burn-in of 1000 to attain convergence of the posterior estimates under

MCMC technique.

4.2 CES Production Function

The data used for the analysis were generated using MCMC technique. The explanatory

variables X, X, are independently drawn from a uniform distribution [0, 1] i.e.
X; ~U[0,1]. The values for the regression coefficients were fixed which for the first
scenario are  y(1.0), §(0.6), 7(0.5) and v(1.1), for second scenario y(1.0), §(0.6),
7(-0.5) and v(1.1), for third scenario y(1.0), §(0.6), 7(0) and v(1.1). Where y is

the factor of production, ¢ is the distribution parameters between zero and one and can
be used to determine factor shares, z is the substitution parameter in which value of
elasticity of substitution (o ) was derived. The error incorporated in CES MODEL was

drawn from a standard normal distribution, &, ~N(0,1) to obtain the response variable

(data of interest) i.e y= }/[5x1_p +(1-9)x,” ]7 €" . The prior used are 0.001 (500.40),
0.005 (90.7), 0.01 (449.097) under the various sample sizes of N=50, N=100, N=150,
N=250 and N= 500 with the standard deviations (SD) in parenthesis, a metropolis Hasting
Within Gibbs algorithm was used with the Normal-Gamma prior to obtain the posterior
estimates. The MCMC of 10,000 with burn-in of 1000 were used to attain convergence of

the posterior estimates.
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Table 1:

Estimates of the Additive and Multiplicative Error - Based Cobb-

Douglas Production Function; For Constant Return to Scale (

B+, =1),N=50

Additive Error Multiplicative Error
Sample Size | Estimate | GNM Bayesian | GNM Bayesian
B, 15.445690 | 15.815700 | 10.879500 | 10.882991
(0.446410) | (0.000621) | (0.221240) | (0.000595)
50 B 0.845610 0.934454 | 0.829240 0.829921
(0.046720) | (0.000372) | (0.119940) | (0.000317)
B, 0.186740 0.160182 | 0.1811300 | 0.180948
(0.026600) | (0.000476) | (0.091720) | (0.000247)

Table 1 shows estimates of additive and multiplicative Error- Based model in classical and
Bayesian approaches under constant return to scale with sample size of 50. For GNM,

the estimates of g, and g, are (0.845610, 0.829240) and (0.186740, 0.1811300) with

(0.046720, 0.119940) and (0.026600, 0.091720) respectively. For
g, and g, are (0.934454, 0.829921) and (0.160182,

standard errors

Bayesian, the estimates of

0.180948) with standard errors (0.000372, 0.000317) and (0.000476, 0.000247)
respectively. Bayesian method produces better estimates in C-D function for both
additive and multiplicative error- based model. Hence, Bayesina estimation of

Multiplicative error based C-D for Constant returns to scale should be preferred.
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Table 2: Estimates of the Additive and Multiplicative Error - Based Cobb-

Douglas Production Function; For Constant Return to Scale (

B+ f, =1), N=100

Additive Error Multiplicative Error
Sample Size | Estimate | GNM Bayesian GNM Bayesian
B, 14.749440 | 15.69809 12.723619 12.726243

(0.289740) | (0.000445) | (0.170030) | (0.000426)

B, 0.832800 | 0.994454 | 0.791700 | 0.792139
100 (0.030560) | (0.000291) | (0.108620) | (0.000267)
4 0.128510 | 0.233634 | 0.174650 | 0.174478

(0.015610) | (0.000299) | (0.084730) | (0.000213)

Table 2 shows estimates of additive and multiplicative Error- Based model in classical and
Bayesian approaches under constant return to scale with sample size of 100. For GNM,

the estimates of B, and g, are (0.832800, 0.791700) and (0.128510, 0.174650) with

standard errors (0.030560, 0.108620) and (0.015610, 0.084730) respectively. For
Bayesian, the estimates of g, and g, are (0.994454, 0.792139) and (0.233634,
0.174478) with standard errors (0.000291, 0.000267) and  (0.000299, 0.000213)
respectively. Bayesian method produces better estimates in C-D function for both additive
and multiplicative error- based model. Hence, Bayesina estimation of Multiplicative error

based C-D for Constant returns to scale should be preferred.
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Table 3:

Estimates of the Additive and Multiplicative Error - Based Cobb-

Douglas Production Function; For Constant Return to Scale (

B+ f, =1), N=150

Additive Error Multiplicative Error
Sample Size | Estimate | GNM Bayesian | GNM Bayesian
B, 14.990990 | 15.086090 | 14.201640 | 14.203580
(0.287480) | (0.000382) | (0.135700) | (0.000337)
B 0.853670 | 0.856928 | 0.823940 | 0.824290
150 (0.027170) | (0.000233) | (0.091980) | (0.000224)
B, 0.151210 | 0.180898 | 0.196540 | 0.196383
(0.013640) | (0.000248) | (0.076410) | (0.000190)

Table 3 shows estimates of additive and multiplicative error- based model in Classical and

Bayesian approach under constant return to scale with sample size of 150. For GNM, the

estimates of B, and g, are (0.853670, 0.823940) and (0.151210, 0.196540) with standard

errors (0.027170,0.091980) and (0.013640, 0.076410) respectively. For Bayesian, the
estimates of B, and B, are (0.856928, 0.824290) and (0.180898, 0.196383) with

standard errors (0.000233, 0.000224) and (0.000248, 0.000190) respectively. Bayesian

method produces better estimates in C-D function for both additive and multiplicative

error based model. Hence, Bayesina estimation of Multiplicative error based C-D for

Constant returns to scale should be preferred.
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Table 4:

Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas

ProductionFunction;

B+ f, =1), N=250

For Constant Return to Scale (

Additive Error Multiplicative Model
Sample Size | Estimate | GNM Bayesian GNM Bayesian
5, 15.038910 | 15.67601 13.243674 13.24594
(0.221834) | (0.000291) | (0.107760) | (0.000269)
B 0.841602 0.837894 0.806600 0.806481
250 (0.020145) | (0.000195) | (0.068750) | (0.000172)
B, 0.159087 0.159936 0.157030 0.157264
(0.009644) | (0.000155) | (0.062110) | (0.000152)

Table 4 shows estimates of additive and multiplicative error- based model in Classical and
Bayesian approach under constant return to scale with sample size of 250. For GNM, the

estimates of g, and g, are (0.841602, 0.806600) and (0.159087, 0.157030) with standard

errors (0.020145, 0.068750) and (0.009644, 0.062110) respectively. For Bayesian, the

estimates of g, and g, are (0.837894, 0.806481) and (0.159936, 0.157264) with

standard errors (0.000195, 0.000172) and (0.000155, 0.000152) respectively. Bayesian
method produces better estimates in C-D function for both additive and multiplicative
error based model. Hence, Bayesina estimation of Multiplicative error based C-D for

Constant returns to scale should be preferred.
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Table S: Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas Production Function; For Constant Return to Scale (

B+, =1), N=500

Additive Error Multiplicative Error
Sample Size Estimate | GNM Bayesian GNM Bayesian
5, 14.976400 | 13.573850 | 15.170155 15.172110
(0.137190) | (0.000197) | (0.084730) | (0.000186)
i 0.841800 0.759519 0.845710 0.845861
500 (0.014130) | (0.000120) | (0.048920) | (0.000114)
5, 0.148060 0.132379 0.176550 0.176499
(0.007060) | (0.000116) | (0.049910) | (0.000103)

Table 5 shows estimates of additive and multiplicative error- based model in Classical and
Bayesian approach under constant return to scale with sample size of 500. For GNM, the

estimates of g, and g, are (0.841800, 0.845710) and (0.148060, 0.176550) with standard

errors (0.014130, 0.04892) and (0.007060, 0.049910) respectively. For Bayesian,the
estimates of g, and g, are (0.759519, 0.845861) and (0.132379, 0.176499) with standard
errors (0.000120, 0.000114) and (0.000116, 0.000103) respectively. Bayesian method
produces better estimates in C-D function for both additive and multiplicative error based
model. Hence, Bayesina estimation of Multiplicative error based C-D for Constant

returns to scale should be preferred.
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Table 6: Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas Production Function; For Increasing Return to Scale (

B+, >1),N=50

Additive Multiplicative
Sample Size | Estimate | GNM Bayesian GNM Bayesian
i 15.560690 | 14.224050 10.845780 | 10.851550

(0.505580) | (0.000632) | (0.236300) | (0.000621)

B 0.943790 0.790109 0.877700 | 0.877539

(0.054560 | (0.000369) | (0.134900) | (0.000364)

50 5, 0.194150 0.217897 0.229200 | 0.229505

(0.029130) | (0.000479) | (0.092000) | (0.000247)

Table 6 shows estimates of additive and multiplicative error- based model in Classical and
Bayesian approach under increasing return to scale with sample size of 50. For GNM, the

estimates of 4, and g, are (0.943790, 0.877700) and (0.194150, 0.229200) with standard

errors (0.054560, 0.134900) and (0.029130, 0.092000) respectively. For Bayesian, the
estimates of g, and g, are (0.790109, 0.877539) and (0.217897, 0.229505) with standard

errors (0.000369, 0.000364) and (0.000479, 0.000247)respectively. The findings implies
that additive error based performs than multiplicative error based model in classical
contrary to Bayesian approach where multiplicative error based performs better than
additive error based model with reduction in their standard errors. Hence,
Bayesianestimation of Multiplicative error based C-D for Increasing returns to scale
should be preferred.
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Table 7:

Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas ProductionFunction; For Increasing Return to Scale (

B+, >1),N=100

Additive Multiplicative
Sample Size | Estimate | GNM Bayesian GNM Bayesian
i 15.086820 | 14.207920 13.86358 | 13.867410
(0.332270) | (0.000466) | (0.187020) | (0.000442)
B 0.908400 0.868892 0.928510 | 0.928892
(0.036290) | (0.000294) | (0.102950) | (0.000256)
5, 0.210600 0.193729 0.221600 | 0.221449
100 (0.018960) | (0.000299) | (0.084660) | (0.000221)

Table 7 shows estimates of additive and multiplicative error- based model in Classical and
Bayesian approach under increasing return to scale with sample size of 100. For GNM, the

estimates of g, and g, are (0.908400, 0.928510) and (0.210600, 0.221600) with standard

error (0.036290, 0.102950) and (0.018960, 0.084660) respectively. For Bayesian,
(0.868892, 0.928892) and (0.193729, 0.221449) with standard error (0.000294, 0.000256)
and (0.000299, 0.000221)respectively. Bayesian method produces better estimates in C-D
function for both additive and multiplicative error based model. Hence, Bayesian
estimation of Multiplicative error based C-D for Increasing returns to scale should be

preferred.
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Table 8:

Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas Production Function; For Increasing Return to Scale (

B+, >1),N=150

Additive Multiplicative
Sample Size | Estimate | GNM Bayesian GNM Bayesian
B, 15.496290 | 13.140370 | 15.51768 | 15. 520540
(0.328870) | (0.000379) | (0.150380) | (0.000372)
B 0.904340 0.741109 0.961380 | 0.9616863
(0.031380) | (0.000232) | (0.087520) | (0.000216 )
150 B 0.230670 0.188109 0.248360 | 0.2482154
(0.016180) | (0.000246) | (0.076000) | (0.000189)

Table 8 shows estimates of additive and multiplicative error- based model in Classical and
Bayesian approach under increasing return to scale with sample size of 150. For GNM, the

estimates of g, and g, are (0.904340, 0.961380) and (0.230670, 0.248360) with standard

errors (0.031380, 0.087520) and (0.016180, 0.076000) respectively. For Bayesian, the
estimates of g, and g, are (0.741109, 0.9616863) and (0.188109, 0.2482154) with
standard errors (0.000232, 0.000216) and (0.000246, 0.000189)respectively. Bayesian
method produces better estimates in C-D function for both additive and multiplicative
error based model.Hence, Bayesian estimation of Multiplicative error based C-D for

Increasing returns to scale should be preferred.
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Table 9:

Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas ProductionFunction; For Increasing Return to Scale (

B+ B, >1), N=250

Additive Multiplicative
Sample Size | Estimate | GNM Bayesian GNM Bayesian
B, 14.873640 | 13.970310 | 15.933490 | 13.935450
(0.265960) | (0.000290) | (0.112360) | (0.000280)
B 0.862800 0.839516 0.910720 | 0.910978
(0.024340) | (0.000194) | (0.070780) | (0.000176)
B, 0.207460 0.193333 0.206170 | 0.206048
250 (0.012090) | (0.000158) | (0.062180) | (0.000155)

Table 9 shows estimates of additive and multiplicative error- based model in Classical and
Bayesian approach under increasing return to scale with sample size of 250. For GNM, the

estimates of 3, and g, are (0.862800, 0.910720) and (0.207460, 0.206170)with standard

errors (0.024340,0.070780) and (0.012090, 0.062180) respectively. For Bayesian, the
estimates of g, and g, are (0.839516, 0.910978) and (0.193333, 0.206048) with standard
errors (0.000194, 0.000176) and (0.000158, 0.000155) respectively. Bayesian method
produces better estimates in C-D function for both additive and multiplicativeerror based
model.Hence, Bayesian estimation of Multiplicative error based C-D for Increasing

returns to scale should be preferred.
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Table 10:

Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas Production Function; For Increasing Return to Scale (

B+ B, >1), N=500

Additive Multiplicative
Sample Size | Estimate | GNM Bayesian GNM Bayesian
B, 15.096986 | 14.537930 | 15.152410 | 15.154280
(0.158986) | (0.000184) | (0.083210) | (0.000146)
500 yia 0.916189 0.897875 0.894210 | 0.894150
(0.017134) | (0.000118) | (0.049910) | (0.000116)
5, 0.201102 0.204861 0.226870 | 0.227022
(0.008889) | (0.000114) | (0.049800) | (0.000102)

Table shows estimates of additive and multiplicative error- based model in Classical and
Bayesian approach under increasing return to scale with sample size of 500. For GNM, the

estimates of g, and g, are (0.916189, 0.894210) and (0.201102, 0.226870) with standard
error (0.017134, 0.049910) and (0.008889,0.049800) respectively. For Bayesian, the
estimates of g, and g, are (0.897875, 0.894150) with standard error( 0.000118,

0.000116) and (0.000114, 0.000102) respectively. Bayesian method produces better
estimates in C-D function for both additive and multiplicativeerror based model. Hence,
Bayesian estimation of Multiplicative error based C-D for Increasing returns to scale

should be preferred.
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Table 11:

Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas Production Function For Decreasing Return to Scale (

B+, <1), N=50

Additive Multiplicative
Sample Size | Estimate | GNMAE BEAE GNMME | BEME
5, 14.665940 | 14.678560 | 10.109150 | 10.113200
(0.416250) | (0.000651) | (0.240500) | (0.000644)
B 0.631070 0.632867 0.622100 | 0.626600
(0.030760) | (0. 000408) | (0.134900) | (0.000361)
50 B, 0.126830 0.136904 0.129000 | 0.1288124
(0.018400) | (0.000327) | (0.120300) | (0.000322)

Table 11 shows estimates of additive and multiplicative error- based model in Classical
and Bayesian approach under decreasingreturn to scale with sample size of 50. For GNM,

the estimates of B, and g, are (0.631070, 0.622100) and (0.126830, 0.129000) with

standard errors (0.030760, 0.134900) and (0.018400, 0.120300) respectively. For
Bayesian, the estimates of p, and g, are (0.632867, 0.626600) and (0.136904,

0.1288124 ) with standard errors (0. 000408, 0.000361) and (0.000327, 0.000322)
respectively. Bayesian method produces better estimates in C-D function for both
additive and multiplicative error based model.  Hence, Bayesian estimation of

Multiplicative error based C-D for Decreasing returns to scale should be preferred.
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Table 12: Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas Production Function For Decreasing Return to Scale (

B+ B, <1),N=100

Additive Multiplicative
Sample Size | Estimate GNMAE BEAE GNMME | BEME
B, 15.150520 | 14.118910 | 12.727310 | 12.731500
(0.381290) | (0.000463) | (0.185690) | (0.000452)
B, 0.669610 0.633128 0.673300 | 0.673679
(0.028520) | (0.000256) | (0.102440) | (0.000254)
B 0. 144800 0. 154247 0.096720 | 0.0965238
100 (0.020580) | (0.000318) | (0.107990) | (0.000270)

Table 12 shows estimates of additive and multiplicative error- based model in Classical
and Bayesian approach under decreasing return to scale with sample size of 100. For

GNM, the estimates of g, and g, are (0.669610, 0.673300) and (0. 144800,0.096720)

with standard errors (0.028520, 0.102440) and (0.020580,0.107990)respectively. For

Bayesian, the estimates of B, and g, are (0.633128, 0.673679) and (O.

154247,0.0965238) with standard errors (0.000256, 0.000254) and (0.000318, 0.000270)
respectively. Bayesian method produces better estimates in C-D function for both additive
and multiplicative error based model. Hence, Bayesian estimation of Multiplicative error

based C-D for Decreasing returns to scale should be preferred.
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Table 13:

Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas Production Function For Decreasing Return to Scale (

B+ B, <1),N=150

Additive Multiplicative
Sample Size | Estimate | GNMAE BEAE GNMME | BEME
B, 15.326870 | 15.40288 14.385300 | 14.388400
(0.272750) | (0.000358) | (0.144610) | (0.000353)
B 0.662830 0.702570 0.706690 | 0.707000
(0.022400) | (0.000221) | (0.087320) | (0.000216)
150 B 0.142250 0.165952 0.130850 | 0.130700
(0.013380) | (0.000227) | (0.091270) | (0.000205)

Table 13 shows estimates of additive and multiplicative error- based model in Classical
and Bayesian approach under decreasing return to scale with sample size of 150. For

GNM, the estimates of g, and g, are (0.662830, 0.706690) and (0.142250, 0.130850)

with standard errors (0.022400, 0.087320) and (0.013380, 0.091270) respectively. For

Bayesian, the estimates of B, and p, are (0.702570, 0.707000) and (0.165952,

0.130700) with standard errors (0.000221, 0.000216) and (0.000227, 0.000205)
respectively. Bayesian method produces better estimates in C-D function for both
additive and multiplicative error based model. Hence, Bayesian estimation of

Multiplicative error based C-D for Decreasing returns to scale should be preferred.
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Table 14: Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas Production FunctionFor Decreasing Return to Scale (

B+ B, <1), N=250

Additive Multiplicative
Sample Size | Estimate | GNM Bayesian GNM Bayesian
B, 14.837120 | 15.075890 | 13.284260 | 13.2864

(0.198030) | (0.000279) | (0.111980) | (0.000266)

B 0.637683 0. 642410 0.660330 | 0.660600

(0.040720) | (0.000172) | (0.070660) | (0.000163)

250 B 0.131770 0.162535 0.106870 | 0.106700

(0.02569) (0.000132) | (0.068710) | (0.000124)

Table 14 shows estimates of additive and multiplicative error- based model in Classical
and Bayesian approach under decreasing return to scale with sample size of 250. For
GNM, the estimates of B, and g, are (0.637683, 0.660330) and (0.131770, 0.106870)
with standard errors (0.040720, 0.070660) and (0.02569, 0.068710) respectively. For
Bayesian, the estimates of g, and g, are (0. 642410, 0.6606) and (0.162535, 0.106700)
with standard errors (0.000172, 0.000163) and (0.000132, 0.000124) respectively.
Bayesian method produces better estimates in C-D function for both additive and
multiplicative error based model. Among the C-D functions for decreasing returns to

scale, the Bayesian estimation with multiplicative error outperforms with minimal

standard errors
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Table 15: Estimates of the Additive and Multiplicative Error Based Cobb-

Douglas Production Function For Decreasing Return to Scale (

B+ B, <1), N=500

Additive Multiplicative
Sample Size | Estimate | GNM Bayesian GNM Bayesian
B, 16.062334 | 15.383480 | 14.656010 | 14.657900

(0.190495) | (0.000196) | (0.084280) | (0.000187)

i 0.521822 0.682444 0.643900 | 0.644100

(0.014130) | (0.000121) | (0.050010) | (0.000116)

5, 0.126701 0.1704460 | 0.143590 | 0.143500

500 (0.008448) | (0.000114) | (0.048900) | (0.000101)

Table 15 shows estimates of additive and multiplicative error- based model in Classical
and Bayesian approach under decreasing return to scale with sample size of 500. For

GNM, the estimates of g, and g, are (0.521822, 0.643900) and (0.126701, 0.143590)
with standard errors (0.014130, 0.050010) and (0.008448, 0.048900) respectively. For
Bayesian, the estimates of B, and g, are (0.682444, 0.6441) and (0.1704460, 0.143500)

with standard errors (0.000121, 0.000116) and (0.000114, 0.000101) respectively.
Bayesian method produces better estimates in C-D function for both additive and
multiplicative error based model. Hence, Bayesian estimation of Multiplicative error

based C-D for Decreasing returns to scale should be preferred.
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Table 16: Summary for the two specification of errors of the C-D production
function Constant Returns to Scale, with sample sizes (N); 50, 100, 150,
250 and 500
Additive Multiplicative
GNM Bayesian GNM Bayesian
Sample | A, s, B s, B s, B s,
Size
50 0.046720 | 0.026600 | 0.000372 | 0.000476 | 0.119940 | 0.091720 | 0.000317 | 0.000247
100 0.030560 | 0.015610 | 0.000291 | 0.000299 | 0.108620 | 0.084730 | 0.000267 | 0.000213
150 0.027170 | 0.013640 | 0.000233 | 0.000248 | 0.091980 | 0.076410 | 0.000224 | 0.000190
250 0.020145 | 0.009644 | 0.000195 | 0.000155 | 0.068750 | 0.062110 | 0.000172 | 0.000152
500 0.014130 | 0.007060 | 0.000120 | 0.000116 | 0.04892 | 0.049910 | 0.000114 | 0.000103

Table 16. shows the standard errors of all the additive and multiplicative errors —based
model in classical and Bayesian for constant returns to scale of cobb- Douglas production
functions. The result shows that standard errors of the estimators decreased consistently as
sample size increased i.e the GNM with additive errors when N=50 to 500, the standard

errors for B, and g, are (0.046720, 0.030560, 0.027170, 0.020145, 0.014130) and (

0.026600, 0.015610, 0.013640, 0.009644, 0.007060) respectively, while that of

multiplicative errors for g and g, are (0.119940, 0.108620, 0.091980, 0.068750,

0.04892) and (0.091720, 0.084730, 0.076410, 0.062110, 0.049910)
are (0.000372, 0.000294,

respectively. The
estimators of Bayesian with additive errors g, and $,
0.000233, 0.000195, 0.000120) and (0.000476, 0.000301, 0.000248, 0.000155, 0.000116)

respectively consistently decreases as sample size increases. The Bayesian approach with

multiplicative errors is preferable to that of others for constant returns to scale.
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Table 17: Summary for the two specification of errors of the C-D production
functionIncreasing Returns to Scale, with sample sizes (N); 50, 100,
150, 250 and 500
Additive Multiplicative
GNM Bayesian GNM Bayesian
Sample | f, s, B s, B s, B s,
Size
50 0.054560 | 0.029130 | 0.000369 | 0.000479 | 0.134900 | 0.092000 | 0.000364 | 0.000248
100 0.036290 | 0.018960 | 0.000294 | 0.000299 | 0.102950 | 0.084660 | 0.000256 | 0.000221
150 0.031380 | 0.016180 | 0.000232 | 0.000246 | 0.087520 | 0.076000 | 0.000216 | 0.000189
250 0.024340 | 0.012090 | 0.000194 | 0.000158 | 0.070780 | 0.062180 | 0.000176 | 0.000156
500 0.017134 | 0.008889 | 0.000118 | 0.000114 | 0.049910 | 0.049910 | 0.000116 | 0.000102

Table 17. shows the standard errors of all the additive and multiplicative errors —based
model in classical and Bayesian for increasing returns to scale of cobb- Douglas
production functions. The result shows that standard errors of the estimators decreased
consistently as sample size increased i.e the GNM with additive errors when N=50 to

500, the standard errors for g, and B, are (0.054560,0.036290, 0.031380, 0.024340,

0.017134 ) and (0.029130, 0.018960, 0.016180, 0.012090, 0.008889) respectively, while
that of multiplicative errors for g, and B, are (0.134900, 0.102950, 0.087520, 0.070780,

0.049910) and (0.092000, 0.084660, 0.076000, 0.062180, 0.049800) respectively. The

estimators of Bayesian with multiplicative errors g and g, are (0.000364,0.000256,

0.000216, 0.000176, 0.000116) and (0.000248,0.000221, 0.000189, 0.000156,
0.000102) respectively consistently decreases as sample size increases. The Bayesian
approach with multiplicative errors is preferable to that of others for increasing returns to

scale.
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Table 18: Summary for the two specification of errors of the C-D production
function Decreasing Returns to Scale, with sample sizes (N); 50, 100,
150, 250 and 500
Additive Multiplicative
GNM Bayesian GNM Bayesian
Sample | A, s, B s, B s, B s,
Size
50 0.030760 | 0.018400 | 0. 000408 | 0.000327 | 0.134900 | 0.120300 | 0.000361 | 0.000322
100 0.028520 | 0.020580 | 0.000256 | 0.000318 | 0.102440 | 0.107990 | 0.000254 | 0.000270
150 0.022400 | 0.013380 | 0.000221 | 0.000227 | 0.087320 | 0.091270 | 0.000216 | 0.000205
250 0.04072 | 0.02569 | 0.000176 | 0.000172 | 0.070660 | 0.068710 | 0.000163 | 0.000132
500 0.014130 | 0.008448 | 0.000121 | 0.000114 | 0.050010 | 0.048900 | 0.000116 | 0.000101

Table 18. shows the standard errors of all the additive and multiplicative errors —based
model in classical and Bayesian for decreasing returns to scale of cobb- Douglas
production functions. The result shows that standard errors of the estimators decreased
consistently as sample size increased i.e the GNM with additive errors when N=50 to

500, the standard errors for g, and B, are (0.030760,0.028520, 0.022400, 0.040720,

0.014130) and (0.018400, 0.020580, 0.013380, 0.02569, 0.008448) respectively, while

that of multiplicative errors for p,and B, are (0.134900, , 0.102440, 0.087320,

0.070660,0.050010) and (0.120300, 0.107990, 0.091270, 0.068710,0.048900)

respectively. The estimators of Bayesian with multiplicative errors p,and g, are

(0.000361, 0.000254, 0.000216, 0.000163, 0.000116) and (0.000322, 0.000270,
0.000205, 0.000132, 0.000101) respectively consistently decreases as sample size
increases. The Bayesian approach with multiplicative errors is preferable to that of others

for decreasing returns to scale.
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Table 19: The Multiplicative Error Based CES Production Function for Effect of

Change in Inputs 7(0.5)

Sample size True value | GNM Bayesian

50 3.792400 (2.286300) 1.586733 (0.008985)
100 10.1134 (2.180800) 0.892900 (0.004301)
150 y (1.0) 2.172200 (0.463700) 0.813007 (0.003695)
250 1.801900 (0.312100) 0.972880 (0.002506)
500 1.319700 (0.117500) 0.850874 (0.001659)
50 0.822600 (0.344900) 0.491960 (0.012560)
100 0.056500 (0.069700) 0.239601 (0.007983)
150 5 (0.6) 0.531700 (0.129000) 0.522710 (0.006410)
250 0.864800 (7.197800) 0.450175 (0.002597)
500 0.348200 (0.277300) 0.468579 (0.001789)
50 2.601900 (6.297900) 0.954027 (0.005785)
100 5.358900 (4.963900) 1.069045 (0.003074)
150 7 (0.5) -0.032100 (1.122100) 0.913035 (0.001808)
250 67.437800 0.119093 (0.001380)

(2221.762600)

500 2.926300 (5.476700) 0.468569 (0.000817)
50 2.748300 (1.699000) 3.139345 (0.013750)
100 11.937100 (2.544100) 1.215614 (0.004222)
150 v (1.1) 1.724300 (0.565700) 0.990972 (0.003156)
250 0.914900 (0.187100) 1.022943 (0.002731)
500 0.6912 (0.178500) 0.845130 (0.001594)
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Table 19 shows the estimates of multiplicative error based CES production function model
when efficiency parameter y (1.0), distribution parametero (0.6), the substitution
parameterz (0.5), and scale parameterv (1.1) with the sample size of 50-500 for both

classical and Bayesian methods with the Law of diminishing marginal returns to both

Labour and Capital.. For GNM, the estimates of (¥ =1.0) are unreliable, (0 =0.6) are
not close to the true value, (z =0.5) obtained varied out of the range with no meaningful

standard errors, for example with sample size of 250, the estimate is 67.437800 with

standard error 2221.762600and the estimates of (v =1.1) for sample size of 150-500 are
significantly unconvincing. The estimates under Bayesian approach, (y =1.0) are

reliable, (0 =0.6) are close to the true value, the estimates of (z =0.5) obtained for
sample sizes of 50-150 (0.954027, 1.069045 and 0.913035) respectively varied out of the
range while for sample of 250 and 500 are within the range(0.119093 and 0.468569)
respectively with meaningful standard errors, for example with sample size of 250, the
estimate is 67.437800 with standard error 2221.762600 and the estimates of (v =1.1) are
significantly plausible except for the sample size of 50. Findings in this table reveled that

Bayesian approach is preferable.
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Table 20:

The Multiplicative Error Based CES Production Function for Effect of

Change in Inputs 7 (0)

Sample size True value GNM Bayesian

50 2.323400 (0.943100) 1.268762 (0.006313)
100 2.264000 (0.411200) | 1.048194 (0.004128)
150 1.650000 (0.342000) | 1.488793 (0.003292)
250 7 (1.0) 1.522300 (0.199400) | 0.989757 (0.002518)
500 1.492000 (0.153600) 0.994861 (0.001705)
50 0.341100 (0.437800) 0.776390 (0.007535)
100 0.000000 (0.000000) 1.449393 (0.006217)
150 4.789000 (4.447000) 1.0562638 (0.004236)
250 5 (0.6) 0.999900 (0.037200) 0.784247 (0.002220)
500 1.000000 (0.000200) 0.972400 (0.001715)
50 0.112900 (4.348800) 0.316000 (0.005696)
100 -1.972000 (1.160000) | 0.212574 (0.002313)
150 0.000900 (0.097900) 0.247382 (0.001739)
250 7 (0) -5.831900(190.593100) | 0.098531 (0.001117)
500 -2.471000 (2.562000) | 0.002003 (0.000775)
50 0.624800 (0.710000) 0.573869 (0.010370)
100 0.645000 (0.339900) 0.106641 (0.003284)
150 -0.002500 (0.230700) | 0.727136 (0.003100)
250 v (1.1) -0.098000 (0.134800) | 0.073202 (0.003098)
500 -2.471000 (2.562000) | -0.004895 (0.001724)
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Table 20 shows the estimates of multiplicative error based CES production function model
when efficiency parameter y (1.0), distribution parametero (0.6), the substitution
parameterz (0), and scale parameter v (1.1) with the sample size of 50-500 for both

classical and Bayesian methods with the Law of diminishing marginal returns to both

Labour and Capital.. The estimates of GNM, (7 =1.0) are implausible, the estimates of
(0 =0.6) for sample sizes of 50 and 100 are 0.341100 and 0.0000000 respectively are

reliable while for sample sizes of 150-500 are not are close to the true value. The estimates

of (r =0) obtained are not within the specified range except in the sample size of 150

where its estimate is 0.000900 with the standard error of 0.097900 and the estimates of

(v =1.1) for sample size of 50-100 are plausible while 150-500 are not otherwise. The
estimates under Bayesian approach for (y =1.0) are not reliable for sample sizes of 50

and 150 while the estimates, 1.048194, 0.989757 and 0.994861 for sample 100, 250 and

500 respectively are close to the true value and reliable. The estimates of (0 =0.6) are
close to the true value except when sample sizes are 100 and 150; the estimates of (7 =0)

obtained for all the sample sizes from 50- 500 (0.316000, 0.212574, 0.247382,0.098531
and 0.002003) respectively fall within the range with meaningful standard errors and the

estimates of (v =1.1) are reliable. This table shows that the estimates under Bayesian

approach behaved better than that of classical approach.
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Table 21:

The Multiplicative Error Based CES Production Function for Effect of

Change in Inputs 7 (—0.5)

Sample size True value GNM Bayesian

50 3.690500 (2.221700) 1.282120 (0.006063)
100 9.431790 (2.019800) 0.888796 (0.004667)
150 1.943000 (0.467900) 1.191310 (0.003579)
250 7 (1.0) 1.681293 (0.239674) 0.948771 (0.002612)
500 1.312780 (0.132500) 0.065123 (0.001784)
50 0.834500 (0.356500) 0.623575 (0.006197)
100 0.051090 (0.068640) 0.579199 (0.004923)
150 0.055000 (6.206000) 0.608084 (0.003849)
250 5 (0.6) 0.4088175(0.117386) | 0.444443 (0.002898)
500 0.506490 (0.088090) 0.594937 (0.001922)
50 2.587800 (6.459600) -0.447545 (0.003087)
100 5.432950 (4.886390) -0.399159 (0.001634)
150 5.366000 (2.218000) -0.039392 (0.001803)
250 r (-0.5) 0.004485 (0.849646) -0.316245 (0.001215)
500 -0.373520 (0.462340) | -0.726498 (0.000621)
50 2.624300 (1.658900) 1.211103 (0.008522)
100 11.031520 (2.354680) | 0.522342 (0.004759)
150 0.964100 (0.298500) 1.402227 (0.003800)
250 v (1.1) 1.051127 (0.298681) 1.595491 (0.002995)
500 0.751850 (0.181950) 0.137869 (0.001855)

105




Table 21 shows the estimates of multiplicative error based CES production function

model for classical and Bayesian approaches when efficiency parametery (1.0),
distribution parametero (0.6), the substitution parameterz (-0.5), and scale parameter
v (1.1) with the sample size of 50-500 for both classical and Bayesian methods with the

Law of diminishing marginal returns to both Labour and Capital.. For GNM, the

estimates of (y =1.0) are unreliable, (0 =0.6) are close to the true value except when
the sample size is 50, (7 =0.5) obtained for 50 — 250 varied out of tolerable range except
when the sample size is 500. The estimates of (v =1.1) for sample size of 150-500 are

significantly plausible except for sample sizes of 50 Ind 100. The estimates under

Bayesian approach, (¥ =1.0) are reliable, (0 =0.6) are close to the true value, the
estimates of (7 = -0.5) are within the tolerable range with meaningful standard errors,
and the estimates of (v =1.1) are significantly implausible except for the sample size of

100 and 500.In this table, the standard error decreased more consistently as sample size
increased under Bayesian approach than that of classical approach. This consequentially

makes the Bayesian approach preferable.
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Table 22: Standard Errors of the CES production functionwhen 7=-0.5with
sample sizes (N); 50, 100, 150, 250 and 500
Sample | GNM Bayesian
size
y=10 | 6=06 | =-05 |v=11 | y=10 | 6=06 | z=-05 |v=1.1

50 2.221700 | 0.356500 | 6.459600 | 1.658900 | 0.006063 | 0.006197 | 0.003087 | 0.008522
100 2.019800 | 0.068640 | 4.886390 | 2.354680 | 0.004667 | 0.004923 | 0.001634 | 0.004759
150 0.467900 | 6.206000 | 2.218000 | 0.298500 | 0.003579 | 0.003849 | 0.001803 | 0.003800
250 0.239674 | 0.117386 | 0.849646 | 0.298681 | 0.002612 | 0.002898 | 0.001215 | 0.002995
500 0.132500 | 0.088100 | 0.462300 | 0.182000 | 0.001784 | 0.001922 | 0.000621 | 0.001855

Table 22 shows the standard errors of the multiplicative error based CES production
functions for (7 ) fixed at a given value in classical and Bayesian approaches for the
sample sizes of 50, 100, 150, 250, 500.For GNM, it was revealed that as sample sizes
increased the standard errors for the substitution parameter ( 7 ) and efficiency parameter (
¥ ) consistently decreased, while the standard errors of distribution parameter (0 ) and
that of scale parameter (V )do not decrease with increase in sample size resulting to
inconsistent estimates. For Bayesian approach, the standard errors of the efficiency
parameter (), distribution parameter (O ), substitution parameter (7 ) and scale
parameters (V) are all decreased as sample size increased which agreed with the
sufficient condition of consistency for nonlinear estimate for suitable initial values; that
standard Errors (S.E)tend to zero as sample sizes increases indefinitely. This has been
proven by Chien (1981) and Debasis (1993) that for a suitable choice of initial values, the
nonlinear least square produces consistent estimates under the assumption of the normal
error.
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Table 23: Standard Errors of the CES production function when 7=0 with
sample sizes (N); 50, 100, 150, 250 and 500
Sample | GNM Bayesian
size
y=10 1 6=06 | =0 v=11 | y=10 | =06 | 7=0 v=1.1

50 0.943100 | 0.437800 | 4.348800 0.710000 | 0.006313 | 0.007535 | 0.005696 | 0.010370
100 0.411200 | 0.000000 | 1.160000 0.339900 | 0.004128 | 0.006217 | 0.002313 | 0.003284
150 0.342000 | 4.447000 | 0.097900 0.230700 | 0.003292 | 0.004236 | 0.001739 | 0.003100
250 0.199400 | 0.037200 | 190.593100 | 0.134800 | 0.002518 | 0.002220 | 0.001117 | 0.003098
500 0.153600 | 0.000200 | 2.562000 2.562000 | 0.001705 | 0.001715 | 0.000775 | 0.001724

Table 23 shows the standard errors of the multiplicative error based CES production

functions for (7 ) fixed at a given value in classical and Bayesian approaches for the

sample sizes of 50, 100, 150, 250, 500. For GNM, the standard errors of efficiency

parameter (7 ) decreased as sample size increased, the standard errors of distribution

parameter (O ) decreased as sample size increased from 50,150-500 while sample size of

100 has zero standard error. For Bayesian approach, the standard errors of the efficiency

parameter (), distribution parameter (O ), substitution parameter (7) and scale

parameters (V)

are all decreased as sample size increased which agreed with the

sufficient condition of consistency for nonlinear estimate for suitable initial values; that

standard Errors (S.E) tend to zero as sample sizes increases indefinitely.
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Table 24: Standard Errors of the CES production function when 7= 0.5 with
sample sizes (N); 50, 100, 150, 250 and 500
Sample | GNM Bayesian
size
y=10 | 6=06 | 7=0.5 v=1.1 y=10 | 6=06 | =05 |v=1.1

50 2.286300 | 0.344900 | 6.297900 1.699000 | 0.008985 | 0.012560 | 0.005785 | 0.013750
100 2.180800 | 0.069700 | 4.963900 2.544100 | 0.004301 | 0.007983 | 0.003074 | 0.004222
150 0.463700 | 0.129000 | 1.122100 0.565700 | 0.003695 | 0.006410 | 0.001808 | 0.003156
250 0.312100 | 7.197800 | 2221.762600 | 0.187100 | 0.002506 | 0.002597 | 0.001380 | 0.002731
500 0.117500 | 0.277300 | 5.476700 0.178500 | 0.001659 | 0.001789 | 0.000817 | 0.001594

Table 24 shows the standard errors of the multiplicative error based CES production
functions for (7 ) at a given value in classical and Bayesian approaches with the Law of
diminishing marginal returns to both Labour and Capital, for the sample sizes of 50, 100,
150, 250 and 500. For GNM, findings showed that as sample sizes increased the standard
errors for efficiency parameter () ) and scale parameter (V') consistently decreased, the
standard errors of distribution parameter (O ) decreases as sample size increases except
for sample size 250 and for the substitution parameter ( 7)) the standard errors has no
meaningful information when the sample size increased. For Bayesian approach, the
standard errors of the efficiency parameter (), distribution parameter (0 ), substitution
parameter (7 ) and scale parameters (V) are decreased as sample size increased. This
implies that Bayesian method is a suitable estimation method of CES production functions

because it produced minimal standard errors compared to that of classical method.
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Table 25

N=50, 100, 150, 250 and 500

Estimates of CES production Function when

7>0then=> o<1;

7=0.5 GNM Posterior
mean
N=50 0.277631 0.511764
N=100 0.157260 0.483315
N=150 1.033165 0.522730
N=250 0.014612 0.893581
N=500 0.254693 0.680935

Table 25 summarizes the estimates obtained for all the two methods under CES

production function when 7 >0(positive) for any valve of ‘v’ (Elasticity of scale
parameter) greater than 1 i.e v>1, then with the continual growth in Labour-Capital, the
Elasticity of substitution (O) becomes positively less than 1 (o <1) for large sample
size. This table shows the estimates of GNM are within the range of elasticity of
substitution except when N=150. The estimates under Bayesian (posterior mean) are all
within the range of elasticity of substitution (o ). This implies that the estimates under
Bayesian method do behaved well while the estimates of GNM does not with the Law of

diminishing marginal returns to both Labour and Capital.
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Table 26 Estimates of CES production Function when 7<0 then = o>1;
N=50, 100, 150, 250 and 500

7=-0.5 GNM Posterior mean
N=50 0.278722 1.810102
N=100 0.155448 1.664334
N=150 0.157085 1.041007
N=250 0.995520 1.462512
N=500 1.596424 3.656280

Table 26 shows the estimates for the CES production function under classical and
Bayesian approaches when 7 <0(negative) for any value of 'v'(Elasticity of scale
parameter) greater than 1, i.e. v>1, the Elasticity of substitution exceed 1 (o>1),
measured the varying factors substituted. In the finding, as samples sized increase, the
estimates of GNM are not within the range for all sample sizes except 500 while that of
Bayesian falled within the range of elasticity of substitution with the Law of diminishing

marginal returns to both Labour and Capital.
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Table 27. Estimates of CES production Function when 7=0 then = o=1;
N=50, 100, 150, 250 and 500

=0 GNM Posterior mean
N=50 0.898553 0.759878
N=100 -1.028810 0.824692
N=150 0.999101 0.801679
N=250 -0.206960 0.910307
N=500 -0.679810 0.998001

Table 27 contains the estimates of classical and Bayesian approaches for the CES
production function with the Law of diminishing marginal returns to both Labour and
Capital, when 7=0 , for any value of 'v'(Elasticity of scale parameter) greater than 1(
v>1) with the constant Elasticity of substitution(o =1). It was showed that as samples
size increased, the estimates of classical approach do not behave well. The estimates of
Bayesian approaches do behave well. In addition, the estimates of Bayesian method

approximately equal one.
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CHAPTER FIVE

Summary of Findings, Conclusion and Recommendation

The study estimated the parameters of nonlinear C-D production functions with

multiplicative and additive error based specification using both the classical and Bayesian
approaches. The behaviours of parameters set 5 =(/,,5,,5,) under three scenarios of C-

D as sample size increased were investigated with respect to standard errors of the
parameters estimates. Table 1-5 show the estimates of C-D for constant returns to scale
with additive and multiplicative error based model in classical and Bayesian approaches
for all sample sizes. Thus, from the findings, the estimates were closer to the true values
with minimal posterior standard errors under Bayesian approach. The estimates of
Bayesian estimation behaved well. In Table 6-10, the estimates of increasing returns to
scale of C-D production function with additive and multiplicative error based model in
classical and Bayesian for sample sizes were considered. The estimates of classical
approach for C-D production function with additive error specification were closer
compared to that multiplicative error. However, Bayesian approach produced the posterior
means that are closer to the true values with minimal standard errors for both Additive and
Multiplicative model than classical approach as sample size increased. The information in
tables 11-15 revealed that the estimates of C-D with additive and multiplicative error
based model in classical and Bayesian for decreasing return to scale for all sample sizes.
The estimates of classical approach for C-D production function with additive error were
close to true values and behaved well compared to that multiplicative error. Moreover, the
Posterior estimates with minimal standard errors were produced in Bayesian approach for
Additive and Multiplicative model are closer to the true values and behaved better. Thus,
Bayesian estimator performed better than Classical estimator in estimating the Decreasing

Returns to scale for C-D production function.
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Table 16-18 give the summary of the standard errors of all the additive and multiplicative
errors —based model in classical and Bayesian for the three scenarios of cobb- Douglas
production functions. The results showed that standard errors of the estimators decreased
consistently as sample size increased for both classical and Bayesian approaches. In
addition to findings in classical approach, the estimates for additive error based model
reduced consistently with meaningful standard errors compared that of multiplicative error
based model. However, the Bayesian approach was preferred because it has minimal

standard errors.

Table 19-21 show the estimates of the parameters of nonlinear CES production functions
with multiplicative error based specification using both the classical and Bayesian
approaches. The effects of varying substitution parameter, 7 =-0.5,0 and 0.5 on other
parameters (y, o, v)in CES were observed with respect to standard errors of the
parameters as sample size increases with independent normal gamma prior. The priors
used are 0.001, 0.005 and 0.01 under the various sample sizes of study with the aid of
metropolis -Hasting -Within Gibbs algorithm to obtain the posterior estimates as recorded
in the tables in previous chapter. Techniques of Monte Carlo Simulation are used in the
study. From the findings in table 19-21, the estimates obtained under classical approach
were not close to the true values while the estimates for Bayesian for efficiency parameter
(), substitution parameter () and scale parameter (v ) were close to the true values and
significantly plausible. However, the estimates for the substitution parameterz (0.5) are
insignificantly plausible, with substitution parameterz (0 and -0.5), the estimates were
within the tolerable range with meaningful standard errors with the Law of diminishing
marginal returns to both Labour and Capital. Table 22-24 contain the information about
the standard errors of CES production function at considered values of substitution
parameter in classical and Bayesian approaches. Findings revealed that as sample sizes
increased the standard errors for efficiency parameter (7 ) consistently decreased while
that of distribution parameter (0 ) were inconsistent in table 22-24. The standard errors of
substitution parameter are inconsistent in table 23 and 24; and the standard errors of scale

parameter were not also consistent in table 23.The standard errors of efficiency parameter
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(7 ).distribution parameter (O ),substitution parameter(z) and scale parameter(v)

consistently decreased as sample size increased. Hence, the standard errors of the
Bayesian approach decreased for all parameters. In effect, Bayesian produced better
results which make it appropriate in handling nonlinear CES production functions. In
Table 25-27, the findings revealed that the estimates of elasticity of substitution obtained
did not behave well. Also, the estimates when the elasticity of substitutions were lesser
and greater than one were within the range except when the sample sizes are 150 and 500
respectively in classical approach. For Bayesian approach, the estimates of elasticity of
substitution obtained for all sample sizes did behave well when it is equal to one, lesser
and greater than one with the Law of diminishing marginal returns to both Labour and

Capital.
5.1 Findings and Conclusions

This work revealed interesting results which are useful in empirical study in both practical
application and methodological relevance. The work showed that the ways the errors were
specified in the model determined the behaviour of the parameters of CD and the
substitution parameter of CES also determined the behaviour of its parameters. The Table
1-15 above showed the estimates obtained using the Cobb-Douglas production function

with additive error and multiplicative error term for all the three scenarios.

A Metropolis -Hasting - Within Gibbs Algorithm was used with the independent Normal-
Gamma prior to obtain the posterior estimates as recorded above in Table 1-15 using the
additive error model and multiplicative error model. It was discovered that at all sample
sizes the multiplicative error model behaved better than the additive error model in
Bayesian approach, also the NSE in Cobb-Douglas production function with
multiplicative produced minimum values all through their sample sizes; 50, 100, 150, 250

and 500. Furthermore, the nuisance parameter pg,showed a fluctuated and unsteady

behaviour by producing values close to the true parameters and values that are far from the
true values, aside this, every other estimate was not too far from the true values for both

the classical approach and the Bayesian approach. In Table 16- 18 the standard error of the
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GNM and the Standard Error of the posterior decreased consistently as sample size
increased. The standard errors of the estimates obtained in Bayesian approach
outperformed the classical approach under the three scenarios of Cobb Douglas production

functions.

Findings from Table 19-24 in previous chapter showed that for given y =1.0,6=0.6,

v=1.1 and 7=-0.5, 0and 0.5 for all sample sizes of 50, 100, 150, 250 and 500 in

CES production function, the estimates of Bayesian behaved well by giving minimal
standard errors compared to that of GNM. On the contrary, the estimates of GNM showed
unsteady behaviour to the parameter values. Table 25-27 revealed that for all sample sizes
the estimates of elasticity of substitution O less than one, equal to one and greater one
were within the range specified and well behaved in Bayesian. However, estimates of
GNM revealed unsteady behaviour by giving values that are not within the specified
range. From literatures, the substitution parameter ( 7 ) is the most challenging parameter
of the CES production function that often gives ambigious values. Iyaniwura (1974)
confirmed that substitution parameter produced ambigious values in CES production
function using classical approach. Similarly, we encountered same challenge when using
the classical approach; the reason for pegging (omitting some values of 7 ) some values
of substitution parameters but the Bayesian approach took care of this limitation; which

makes the Bayesian Approach more suitable approach.
5.2 Conclusion

The objectives of this work have been achieved by investigating the behaviour of the
parameters of Cobb Douglas based on the error specification and CES production with the
substitution parameter not equal to one. From the two models considered in C-D, the C-D
based Additive Error Model performed better than its Multiplicative Error model in
Classical approach; thus, the estimates of additive error-based behaved better than
multiplicative error- based Cobb- Douglas production model. Bayesian estimates for
multiplicative error- based model behaved better than additive error- based model. This

consequentially makes Bayesian more preferable than classical approach. The derived
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Bayesian estimators of nonlinear production functions in the both C-D with additive and

multiplicative errors models under the Decreasing, constant and Increasing returns to scale

and CES under varying substitution parameter validates the statistical inference. In effect,

this approach outperforms the existing classical approach which sufficiently depends on

the observed values at hand.

5.3 Research Contribution

This study has particularly contributed to knowledge in following ways;

ii.

1il.

1v.

This work extended koop (2003) by investigating the effect of substitution
parameter when it assumes different values in Bayesian and Classical frameworks as
against the substitution parameter to be unity proposed by Koop (2003).

We investigated the behaviour of the parameters on the proposed Bayesian
estimation of the Cobb-Douglas production function with multiplicative and additive
based -error under three specifications of returns to scale parameters against the
multiplicative based — error model by Koop (2003).

We extended the nonlinear regression model of Koop (2003) by incorporating a

form of complex prior known as the independent Normal-Gamma Prior for
parameters ( ﬂ,h) with the Likelihood to obtain a non-analytical (intractable)

posterior, whose posterior estimates were obtained using a Markov Chain Monte
Carlo technique of a Metropolis within Gibbs algorithm as against the Independent
and Random work Metropolis by Koop (2003).

The work of Martinez (2012) was extended by using Kmenta approximation (1967)
of CES in the neighbourhood of substitution parameters, 7—>0to form the
distribution of the likelihood as against ordinary least squares (OLS) and two stage
least squares (2sls) Martinez (2012).

An R code for Metropolis within Gibbs Algorithm was developed to obtain the
conditional densities and executing the Cobb-Douglas and CES production functions

and showed the evidence of convergence.
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5.4
1.

Further Study

There could be some violations of basic assumption like multicollinearity and
heteroscedasticity in nonlinear production function using Bayesian approach

Since standard linear models used to estimate nonlinear production function are
not susceptible to the curse of dimensionality, the use of non-parametric approach
could be considered to handle this problem.

More importantly, an independent normal — gamma prior in this work could be

extended to hierarchical prior.
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6.0 Appendix 1

6.1 R. Code

THE R CODES USED FOR THIS STUDY
HHHHHHHEH

THE BEHAVIOUR OF PARAMETERS OF NONLINEAR PRODUCTION
FUNCTIONS USING BAYESIAN AND CLASSICAL APPROACHES

HHHHHHEHHHHHH
FOR COBB DOUGLAS ADDITIVE ERROR MODEL
HHHHHHHHH

The Algorithm below gives the set of data simulated using sample size of 50, the data
analysis for the other sample sizes can be obtained by just changing the sample sizes to the

desired one using the R commands.

getwd()

set.seed(01)

N =50, BO=15; B1 =0.85; B2=0.15

x1 = runif(N,0,1) head(x1)

x2 =runif(N,0,1) yl =Y;x1 =k; x2=L

#N = length(y1);B0 = 15; B1 = 0.85; B2 =0.15
set.seed(123)

U =rmorm(N,0,1)

v =U/(B0*x1"B1*x2"B2)

128



yl =B0*x1"B1*x2"B2*(1+v)

head(y1l) cobbADD = data.frame(y1, x1, x2)

write.csv(cobbADD, "cobbadd.csv")

X = cbind(1, x1, x2) X = as.matrix(X)

head(X) #cobbADD = data.frame(y,x1,x2,e)

write.csv(cobbADD, "cobbadd.csv", row.names=F)

HHBHHHH R R R
checking the reliability of the fixed beta-values -valuesols = Im(y~X)ols

R R R R R e R R R R e T
THE NONLINEAR REGRESSION MODEL

R R R R R e R R R R e T
taking log of bothsides of the Cobb-Douglass function

In(y) = BO+B1*x1+B2*x2+e where B0 =In(alpha)

Y =log(y1) Y[is.na(Y)]<-0

Y = as.matrix(Y) head(Y)

X1 =log(x1) head(X1)

X2 =log(x2) head(X2)

X =cbind(1,X1,X2)X = as.matrix(X)head(X)

OLS = Im(Y~X) summary(OLS)

Ols = glm(Y~ X1+X2)

summary(Ols)
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b0 = exp(coef(OLS)[1]) bOV

xpx=t(X)(X) x'x xpxinv=solve(xpx) (x'x)"-1

B=(xpxinv)%%(xpy) B=(x'x)"-1*(x"y)

HHBHHHHR R R

LIKELIHOOD FUNCTION (multivariate normal density)

HHBHHHHR R

P(y/B,h) = (h"N/2)/(2pi)"N/2 {exp[-h/2(y-XB)'(y-XB)]}

y/B,h ~ N(XB,h"-1), where, h=1/sigma”2 (h is precision)# k = 3

#v=N-k Y=XB

SSE=t((Y-xb))%*%(Y-xb) e'e=(y-XB)"*(y-XB)

ssqr=SSE/v ssqr=(y-XB)%%(y-XB)/v

ssqr h = ssqrinv=%*%(ssqr)"-1

R R R R R R R e R
THE PRIOR (Non-INFORMATIVE PRIOR)

HHBHHRHH R R R
P(B,h)=1/h it follows a normal distribution

P(B,h) = h0"N/2* {exp[-h0/2(B-Bpri)'(B-Bpri)]} rbind(0.001,0.005,0.01)

Bprior =%*% as.matrix(Bprior)

Vprior=matrix(c(500.40"2,0,0,0,90.97"2,0,0,0,499.097*2),nrow=3,ncol=3,byrow=T)
h ~ G(ssqrinvpri,vpri), where, ssqrinvpri=s"-2 ssqrinvprior=1/(1000000)"2
ssqrinvprior ssqrprior vprior=0.3 1% of N
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noninformative prior

R R R R R R R T R e R
THE POSTERIOR (NON-ANALYTICAL FORM)
R R R
p(B,h/y) = p(B,h)*(h"N/2)/(2pi)"N/2 {exp[-h/2(y-XB)'(y-XB)]}.
P(B/y,h)=exp(drop(-0.5)*(B-Bpri)(solve(Vpri))%*%(B-Bpri))
Vpos=Vpos=(Vpri“h(xpx)) Vpos

Bpos = Vpos%*%((solve(Vprior)%*%Bprior)(drop(h) pos=Vpos(Vpri*-1+h(xpy))

Bpos

h/y,B ~ G(ssqrinvpos)

vpos=vprior %*%vpos(small v posterior)

VpOSs vpos = sqrt(vpos)

vpos ssqrpos=(SSE+(vprior*%ssqrprior))

ssqrpos ssqrinvpos=solve%(ssqrpos)% ssqrinvpos

HHHHHHHHHHH
METROPOLIS-HASTINGS ALGORITHM
HHHHHHH R

Now our target is the posterior density of B and h.We have to use the log of the posterior

instead of the actual posterior for computational reasons.

HHHHHHHHH R

131



This is the actual Metropolis algorithm
TR i R R
log-denisty of a multivariate normal for B/h~N(Bpos,Vpos)

return((-(1/2)) * (t(B - Bpos)%*%(solve(Vpos))%*%(B - Bpos))) }else{ return(-Inf)
} Hog.posterior2 = function(Y, xb, h, vprior, ssqrprior, vpos){ N =50 vpos = N+vprior

return(((N+vprior-2)/2)* log(h) + (-(h/2) * t(Y-xb)%*%(Y-xb) —+vprior*ssqrprior))
telse{ return(-Inf)}.

mcmc = 10000 sampled.beta0 = numeric(mcmc)

sampled.betal = numeric(mcmc)sampled.beta2 = numeric(mcemc)

sampled.h = numeric(mcmc) setting starting values

current.sample = rbind(5,10,23) current.sample = as.matrix(current.sample)
current.sample current.h = 10

## initialize the loop and run

sampled.beta0[ 1] = current.sample[1,]

sampled.betal[1] = current.sample[2,]

sampled.beta2[1] = current.sample[3,]

sampled.h[1] = current.h
R
The following loop will execute the Metropolis Algorithm
R

for(i in 2:mcmc){ the proposal density function for B and h will be done separately. It's a

normal density centered at the old value
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HHHEHHHHHHH
Library (MASS)
S R R R R e R R R R R R R R R

Vpos = solve(solve(Vprior)+(drop(current.h)*xpx))
VposB%*((solve(Vprior)%*%Bprior)+(dropB(current.h)*xpy)) #Bpos=Vpos(Vpri*-
1+h(xpy))

x.star = mvrnorm( 1, Bpos, Vpos) x.star = as.matrix(x.star) x.star This line computes the
acceptance probability. target(old.sample) is the function value at the old point and

target(x.star) is the function value at the proposed point

alpha2 = log.posterior(Bpos = x.star, Vpos = Vpos, B = B) log.posterior(Bpos
current.sample, Vpos = Vpos, B = B) if (log(runif(1)) < alpha2){current.sample = x.star
} sampled.betaO[i] = current.sample[1,] sampled.betal[i] = current.sample[2,]

sampled.beta2[i] = current.sample([3,]
for h vpos = N+vprior
ssqrpos=(SSEQ-+(vprior*ssqrprior))/(vpos)
ssqrinvpos %solve(ssqrpos)
x.star2 = rgamma(1, %%ssqrinvpos, %%vpos) x.star2

alpha2B = log.posterior2(h = x.star2, vpos = vpos, Y=Y, xb=xb, vprior=vprior,
ssqrprior=ssqrprior)-log.posterior2(h = current.h, vpos = wvpos, Y=Y, xb=xb,

vprior=vprior, ssqrprior=ssqrprior) if (logB(runif(1)) <alpha2){ current.h = x.star2 }
sampled.h[i]plot(sampled.beta0, type ='l', main = "Trace Plot")

plot(sampled.betal, type ='l', main = "Trace Plot")

plot(sampled.beta2, type ='l', main = "Trace Plot")

plot(sampled.h, type ='l', main = "Trace Plot")mean of the samples before burn-in
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mean(sampled.betaOmeanSampled.betamean(sampled.beta2 )meansampled.h)
summary(sampled.beta0)summary(sampled.betal )summary(sampled.beta2)
### BURN-IN

final.betaO = sampled.betaO[-(1:1000)]

mean(final.beta0)plot(final.beta0, type ='l', main = "Trace Plot")
#abline(plot(final.beta0, type ='l', main = "Trace Plot"))

hist(final.beta0, prob=T) lines(density(final.beta0), col="red" )

final.betal = sampled.betal[-(1:1000)]

mean(final.betal)

hist(final.betal, prob=T) lines(density(final.betal), col="purple" )
plot(density(final.betal), col="purple" final.beta2 = sampled.beta2[-(1:1000)]
mean(final.beta2)hist(final.beta2, prob=T)

lines(density(final.beta2), col="darkblue" )plot(density(final.beta2), col="darkblue" final.h
= sampled.h[-(1:1000)]mean(final.h)st(final.h, prob=T) ines(density(final.h), col="red" )

plot(density(final.h), col="red" )mean(final.beta0)mean(final.betal)
mean(final.beta2)mean(final.h)

## USING CODA

library('coda')b0.mcmc=mcmc(final.beta0) summary(b0.mcmc)
plot(b0.mcme, col="pink")

title('beta0',xlab="mcmc', ylab="b0.mcmc')

(final.betal))summary(bl.mcmc) plot(b1l.mecmc, col="cyan")
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title(',xlab="mcmc', ylab='bl.mcmc')

b2.mecmc=mcmc(final.beta)

summary(b2.mcmc)plot(b2.mcme, col="purple")
title('beta2',xlab="mcmc', ylab="b2.mcmc')

h.mcmc=mcmc(final.h) summary(h.mcmc)

plot(h.mcmc, col="red")

title('h',xlab="memc', ylab="h.mcmc")

#library('coda’)

HHt testing

#print(fit, digits summary=3, pars=c('final.beta0','final.h"),

# probs =c(.025, .5, .975))

## GEWEKE'S CONVERGENCE DIAGNOSTICS (GEWEKE'S CD)
## fracl is the fraction of d 1st-set of est of B after burnin i.e 1000/10000
## frac2 is the fraction of d last-set of est of B after burnin i.e 9000/10000
## DECISION RULE: if CD<1.96, then convergence of d--

# --MCMC algorithm has occured for all the parameters

library(coda)

geweke.diag(final.beta0, frac1=0.15, frac2=0.85)
geweke.diag(final.betal, frac1=0.15, frac2=0.85)
geweke.diag(final.beta2, frac1=0.15, frac2=0.85)

#geweke.diag(final.h, frac1=0.1 frac2=0.9)
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HHHHHHEH

INVESTIGATION OF THE BEHAVIOUR OF PARAMETERS OF NONLINEAR
PRODUCTION FUNCTIONS USING BAYESIAN AND CLASSICAL APPROACHES

HHHHHHH
FOR COBB DOUGLAS MULTIPLICATION ERROR MODEL
HHHHHHH

The Algorithm below gives the set of data simulated using sample size of 50, the data
analysis for the other sample sizes can be obtained by just changing the sample sizes to the

desired one using the R commands.
getwd()

N =50, BO=15; B1 =0.85; B2=0.15
set.seed(01)

x1 = runif(N,0,1) head(x1)
set.seed(11)x2 = runif(N,0,1)
set.seed(123)

e = rmorm(N,0,1)head(e)

y = BO*x1"B1*x2"B2*exp(e) head(y)
cobbMULT = data.frame(y,x1,x2)
write.csv(cobbMULT, "cobbmult.csv")
X = cbind(1, x1, x2)X = as.matrix(X)
head(X)

HHHHHHHEHHHHH
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checking the reliability of the fixed beta-values

R R R R R R R e
ols = Im(y~X)

ols

HHHHHHHH R R R R
using non- linear directly

HH B R R R
library(minpack.lm)

nl = nls(y~B0*x1"B1*x2"B2, start = list(B0=15, B1=0.65, B2=0.15))

nl take exponential of BOsummary(nl)
T R R R e T R R

THE NONLINEAR  REGRESSION MODEL FOR COBB DOUGLAS
MULTIPLICATIVE ERROR MODEL

R
taking log of bothsides of the Cobb-Douglass function

In(y) = BO+B1*x1+B2*x2+e # where B0 =In(alpha)

Y =log(y) Y = as.matrix(Y)head(Y)

X1 =log(x1)#head(X1)

X2 =log(x2)

head(X2)X =cbind(1,X1,X2)

X = as.matrix(X)
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head(X)cobbLOGmult = data.frame(Y, X1, X2)

write.csv(cobbLOGmult, "cobbLOGmult.csv")YOLS = Im(Y~X)

OLS summary(OLS)

Ols = glm(Y~ X1+X2)

summary(Ols)

b0 = exp(coef(OLS)[ 1])bOxpx=t(X)%*%(X) x'x

xpxinv=solve(xpx) (x'x)"-1

xpy=t(X)%*%(Y) x'yB=(xpxinv)%*%(xpy) # B=(x'x)"-1*(x"y)
R
LIKELITHOOD FUNCTION (multivariate normal density)

HHHEHHHHHH

P(y/B,h) = (h"N/2)/(2pi)"N/2{exp[-h/2(y-XB)'(y-XB)]} y/B,h ~ N(XB,h"-1), where,
h=1/sigma”2 (h is precision)k = 3

v = N-kxb=(X)%*%(B) %%Y=XB

SSE=t((Y-xb))%(Y-xb) e'e=(y-XB)"*(y-XB)

ssqr=SSE/v ssqr=(y-XB)*(y-XB)/v

ssqrh = ssqrinv=(ssqr)"-1%%h

HHRHHHHH R R R
THE PRIOR (Non-INFORMATIVE PRIOR)

HHBHHHHH R R
P(B,h)=1/h ("=" stands for proportionality sign here)
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## it follows a normal distribution

P(B,h) = h0"N/2* {exp[-h0/2(B-Bpri)'(B-Bpri)]} rbind(0.001,0.005,0.01)

Bprior = as.matrix(Bprior)
Vprior=matrix(c(500.40"2,0,0,0,90.97"2,0,0,0,499.097*2),nrow=3,ncol=3,byrow=T)

h ~ G(ssqrinvpri,vpri), where, ssqrinvpri=s"-2 ssqrinvprior=1/(1000000)"2

ssqrinvprior ssqrprior vprior=0.3 # 1% of N

noninformative prior

S R R R R e R R R R R R R R
THE POSTERIOR (NON-ANALYTICAL FORM)
R
p(B,h/y) = p(B,h)*(h"*N/2)/(2pi)"N/2 {exp[-h/2(y-XB)'(y-XB)]}.
P(B/y,h)=exp(drop(-0.5)*(B-Bpri)(solve(Vpri))%*%(B-Bpri))
Vpos=Vpos=(Vpri*-1+h(xpx)) Vpos

Bpos = Vpos%*%((solve(Vprior)%*%Bprior)+(drop(h) pos=Vpos(Vpri*-1+h(xpy))
Bpos

h/y,B ~ G(ssqrinvpos,vpos)

vpos=N+vprior #vpos(small v posterior)

Vpos vpos = sqrt(vpos)

vpos ssqrpos=(SSE+(vprior*ssqrprior))

ssqrpos ssqrinvpos=solve(ssqrpos) ssqrinvpos

HHHHHEHHHHH
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METROPOLIS-HASTINGS ALGORITHM
HHHHHHHEH

Now our target is the posterior density of B and h.We have to use the log of the posterior

instead of the actual posterior for computational reasons.
HHHHHHHHHEH R

This is the actual Metropolis algorithm

S R R R R R
log-denisty of a multivariate normal for B/h~N(Bpos,Vpos)

return((-(1/2)) * (t(B - Bpos)%*%(solve(Vpos))%*%(B - Bpos))) }else{ return(-Inf)
} Hlog.posterior2 = function(Y, xb, h, vprior, ssqrprior, vpos){ N =50 vpos = N+vprior

return(((N+vprior-2)/2)* log(h) + (-(h/2) * t(Y-xb)%*%(Y-xb) —+vprior*ssqrprior))
telse{ return(-Inf)}.

mcmc = 10000 sampled.beta0 = numeric(mcmc)

sampled.betal = numeric(mcmc)sampled.beta2 = numeric(memc)
sampled.h = numeric(mcmc) setting starting values

current.sample = rbind(5,10,23) current.sample = as.matrix(current.sample)
current.sample current.h = 10

## initialize the loop and run

sampled.beta0[ 1] = current.sample[1,]

sampled.betal[1] = current.sample[2,]

sampled.beta2[1] = current.sample[3,]

sampled.h[1] = current.h
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R
The following loop will execute the Metropolis Algorithm
S R R s R R R R R s R

for(i in 2:mcmc){ the proposal density function for B and h will be done separately. It's a

normal density centered at the old value

R R R R R R R e T
Library (MASS)

HHRHHHHH R R R

Vpos = solve(solve(Vprior)+(drop(current.h)*xpx))
VposB%*((solve(Vprior)%*%Bprior)+(dropB(current.h)*xpy)) #Bpos=Vpos(Vpri*-
1+h(xpy))

x.star = mvrnorm( 1, Bpos, Vpos) x.star = as.matrix(x.star) x.star This line computes the
acceptance probability. target(old.sample) is the function value at the old point and

target(x.star) is the function value at the proposed point

alpha2 = log.posterior(Bpos = x.star, Vpos = Vpos, B = B) log.posterior(Bpos
current.sample, Vpos = Vpos, B = B) if (log(runif(1)) < alpha2){current.sample = x.star
} sampled.betaO[i] = current.sample[1,] sampled.betal[i] = current.sample[2,]

sampled.beta2[i] = current.sample([3,]
for h vpos = N+vprior
ssqrpos=(SSEQ-+(vprior*ssqrprior))/(vpos)
ssqrinvpos %solve(ssqrpos)

x.star2 = rgamma( 1, %%ssqrinvpos, %%vpos) x.star2
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alpha2B = log.posterior2(h = x.star2, vpos = vpos, Y=Y, xb=xb, vprior=vprior,
ssqrprior=ssqrprior)-log.posterior2(h = current.h, vpos = wvpos, Y=Y, xb=xb,

vprior=vprior, ssqrprior=ssqrprior) if (logB(runif(1)) <alpha2){ current.h = x.star2 }
sampled.h[i]plot(sampled.beta0, type ='l', main = "Trace Plot")

plot(sampled.betal, type ='l', main = "Trace Plot")

plot(sampled.beta2, type ='l', main = "Trace Plot")

plot(sampled.h, type ='l', main = "Trace Plot")mean of the samples before burn-in

mean(sampled.betaOmeanSampled.betamean(sampled.beta2 )meansampled.h)

summary(sampled.beta0)summary(sampled.betal )summary(sampled.beta2)

BURN-IN

final.betaO = sampled.betaO[-(1:1000)]

mean(final.beta0)plot(final.beta0, type ='l', main = "Trace Plot")
#abline(plot(final.beta0, type ='l', main = "Trace Plot"))

hist(final.beta0, prob=T) lines(density(final.beta0), col="red" )

final.betal = sampled.betal[-(1:1000)]

mean(final.betal)

hist(final.betal, prob=T) lines(density(final.betal), col="purple" )
plot(density(final.betal), col="purple" final.beta2 = sampled.beta2[-(1:1000)]
mean(final.beta2)hist(final.beta2, prob=T)

lines(density(final.beta2), col="darkblue" )plot(density(final.beta2), col="darkblue" final.h

= sampled.h[-(1:1000)]mean(final.h)st(final.h, prob=T) ines(density(final.h), col="red" )
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plot(density(final.h), col="red" )mean(final.beta0)mean(final.betal)
mean(final.beta2)mean(final.h)

USING CODA

library('coda')b0.mecmc=mcmc(final.beta0) summary(b0.mcmc)
plot(b0.mcme, col="pink")

title('beta0',xlab="mcmc', ylab="b0.mcmc')
(final.betal)summary(bl.mcmc) plot(b1l.mecmc, col="cyan")
title(',xlab="mcmc', ylab='bl.mcmc")
b2.mecmc=mcmc(final.beta)
summary(b2.mcmc)plot(b2.mcme, col="purple")
title('beta2',xlab="mcmc', ylab="b2.mcmc")
h.mcmc=mcmc(final.h) summary(h.mcmc)
plot(h.mcmc, col="red")

title('h',xlab="memc', ylab="h.mcmc")

library('coda')

print(fit, digits_summary=3, pars=c('final.beta0','final.h"),

probs = ¢(.025, .5, .975))

GEWEKE'S CONVERGENCE DIAGNOSTICS (GEWEKE'S CD)
frac1 is the fraction of d 1st-set of est of B after burnin 1.e 1000/10000

frac2 is the fraction of d last-set of est of B after burnin i.e 9000/10000
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DECISION RULE: if CD<1.96, then convergence of d--
--MCMC algorithm has occured for all the parameters

library(coda)

geweke.diag(final.beta0, frac1=0.15, frac2=0.85)

geweke.diag(final.betal, frac1=0.15, frac2=0.85)

geweke.diag(final.beta2, frac1=0.15, frac2=0.85)

geweke.diag(final.h, frac1=0.1 frac2=0.9)

geweke.diag(final.h, frac1=0.1 frac2=0.9)

HHHHHHHEHHHHH

INVESTIGATION OF THE BEHAVIOUR OF PARAMETERS OF NONLINEAR
PRODUCTION FUNCTIONS USING BAYESIAN AND CLASSICAL APPROACHES

HHHHHHHEHHHHH

NONLINEAR REGRESSION MODEL WITH INDEPENDENT NORMAL-GAMMA
PRIOR

HHHHHHEH

CONSTANT ELASTICITY OF SUBSTITUTION WITH MULTIPLICATIVE ERROR
TERMS USING CLASSICAL APPROACH

T R e e R
library(micEconCES)
gamma = 1; delta=0.75; rho=0;nu=1.5

N=500
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set.seed(01)

x1 = runif(N,0,1); x2 = runif(N,0,1)

set.seed(431)

u =rnorm(N,0,1)

CES_dat = data.frame(x1,x2)

x = cbind(x1,x2)

HHBHHHH R R R
WITH MULTIPLICATIVE ERROR TERM

R R R R R e R R R R e T
CES_dat$yl = gamma*(delta*x1”(-rho)+(1-delta)*x2"(-rho))"(-nu/rho)*exp(u)
head(CES_dat)

write.csv(CES_dat, "ces.csv"

it CES FUNCTION WITH MULTIPLICATIVE ERROR TERM #######

nl_reg = nls(yl~gamma*(delta*x1”(-rho)+(1-delta)*x2"(-rho))"(-phi/rho), data=CES_dat,
start = ¢(gamma=0.5,delta=0.5,rho=0.25,phi=1))

summary(nlreg)
R
library(minpack.lm)

nl reg 2 = nlsLM(yl~gamma%%(delta*x1"(-rho)+(1-delta)%%*%%x2"(-rho))"(-
phi/rho), data=CESdat, start = ¢(gamma=0.5,delta=0.5,rho=0.25,phi=1))

summary(nl_reg 2)
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HHHHHHHEHHHHH

i THE KMENTA APPROXIAMTION WITH MULTIPLICATIVE ERROR
TERM #HHHHIHIFHH#H

kmenta CES = CSVcesEst(yName="y1" ,xNames=c("x1","x2"),
data=CES_dat,method="Kmenta",=TRUE)

summary(kmenta CES)
HHHHHHHHH

CONSTANT ELASTICITY OF SUBSTITUTION WITH MULTIPLICATIVE ERROR
USING BAYESIAN APPROACH

HHHHHHHHH
gamma = 1; delta=0.6; rho=0.5;nu=1.1

set.seed(429)

x1 = runif(50,0,1); x2 = runif(50,0,1)

set.seed(431)

u =rnorm(50,0,1)

y = gamma*(delta*x1”(-rho)+(1-delta)*x2*(-rho))"(-nu/rho)*exp(u)
B ces = data.frame(y,x1 ,x2)

write.csv(B_ces, "B_ces.csv")

x1_star=log(x1); x2_star=log(x2);x3_star=log(x1)"2

x4 star=log(x2)"2; x5 star=log(x1)*log(x2)

x =cbind(1,x1_star,x2 star,x3 star,x4 star,x5 star)

X = as.matrix(x)
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y_star = log(y)

y_star = as.matrix(y_star)

BayesCES=data.frame(y_star,x1 star, X2 star, x3_star, x4 star,x5_star)
head(BayesCES)

write.csv(BayesCES, "BayesCES.csv")

lambda = solve(t(x)%*%x)%*%(t(x)%*%ystar)

lambda

H < << <L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L

N = length(x1); k=16

v =N-k

ssqrOLS = (t(ystar-x%*%lambda)%*%(y_star-x%*%lambda))/v

ssqrOLS

h=1/5000"2

h”-1

HHHEHHHHH
## THE PRIOR ##Ht#HH###

H < << <L LLL L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L <<
## FOR lambda ~N(lambdaprior, V_prior)

# The prior mean

lambda_prior = rbind(0.0, 0.27, 0.33, 5, 1.2, 2.1)

lambda prior = as.matrix(lambda_prior)
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lambda
the var-cov matrix

V_prior =
matrix(c(52,0,0,0,0,0,0,25"2,0,0,0,0,0,0,5000"2,0,0,0,0,0,0,1000"2,0,0,0,0,0,0,10000"2,0
,0,0,0,0,0,2072), ncol=6, nrow=6, byrow=TRUE)

V_prior

### FOR h~G(s_prior"2, vprior)

ssqr_prior = 1/5000"2

vprior =5

HHHHHHHHHE

# THE POSTERIOR DENSITY

S R R R R R R R R R e R e e
V_post = solve%(solve%(Vprior)+%%(drop(h)*t(x)%*%(x)))

V_post

post =V _post%*%((solve(V_prior)%*%Ilambda_prior)+(h*t(x)%*%y _star))
post

HHHEHHHHHH R
# FOR h

vpost = N+vprior

ssqr_post = ((t(y_star-(x%*%lambda))%*%(y_star-(x%*%lambda))) +

vprior*ssqr_prior)/vpost

ssqr_post
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ssqr_post_inv = ssqr_post”-1

ssqr_post_inv

HHBHHHHH R R R
METROPOLIS-HASTINGS ALGORITHM

HHBHHHH R R R

Now our target is the posterior density of B and h.We have to use the log of the posterior

instead of the actual posterior for computational reasons.

HHHHHHHHH
This is the actual Metropolis-—within Gibbs algorithm

HHHHHHH
create empty containers

itr = 5000

sampled.alpha0 = numeric(itr)

sampled.alphal = numeric(itr)

sampled.alpha2 = numeric(itr)

sampled.betal 1 = numeric(itr)

sampled.beta22 = numeric(itr)

sampled.betal2 = numeric(itr)

sampled.h = numeric(itr)

HHHHHHHHH

## Initials values for the Gibbs sampler
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current.lambda = rbind(5,0.5,6.7,0.9,2.3,40)
current.lambda = as.matrix(current.lambda)
current.lambda
current.h =1
sampled.alphaO[ 1] = current.lambda[1,]
sampled.alphal[1] = current.lambdal[2,]
sampled.alpha2[ 1] = current.lambda[3,]
sampled.betal 1[1] = current.lambdal[4,]
sampled.beta22[1] = current.lambdal5,]
sampled.betal2[1] = current.lambdal6,]
sampled.h[1] = current.h
R R R R R R R R e T
begin the loop to execute the Metropolis Algorithm
HHRHHRHHH R R R
for (i in 2:itr){
# draw for lambda/y, h from a multivariate denisty
library(MASS)
current.h = 1
V_post = solve(solve(V%%prior)+*t(x)%*%(x)))
V_post

lambda_post =V_post%*%((solve(V_prior)%*%+(current.h*t(x)%*%y _star))
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lambda post

current.lambda = mvrnorm(1, post, V_post)
current.lambda = as.matrix(current.lambda)

## draws for h/y,lambda from a Gamma denisty
vpost = N+vprior

ssqr post = ((t(y_star-(x%*%clambda))%*%(y_star-(x%*%current.lambda))) +

vprior*ssqr%%prior)/vpost
ssqr_post
ssqr_post_inv = qr_post”-1
current.h = rgamma(1, ssqrpostinv, vpost)
AR R
set storgae containers
R R R R R R R R R e R
sampled.alpha0[i] = current.lambda[1,]
sampled.alphal[i] = current.lambda|2,]
sampled.alpha2[i] = current.lambda[3,]
sampled.betal 1[i] = current.lambda[4,]
sampled.beta22[i] = current.lambda[5,]
sampled.betal2[i] = current.lambda[6,]

sampled.h[i] =current.h
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# Trace plots #before burnin
plot(sampled.alpha0, type ='1")
mean(sampled.alpha0)
qqnorm(sampled.alpha0)
plot(sampled.alphal, type ='I')
mean(sampled.alphal)
qqnorm(sampled.alphal)
plot(sampled.alpha2, type ='I')
mean(sampled.alpha2)
qqnorm(sampled.alpha2)
plot(sampled.betall, type ="'1")
qqnorm(sampled.betall)
mean(sampled.betal 1)
plot(sampled.beta22, type ='l')
mean(sampled.beta22)
qqnorm(sampled.beta2?2)
plot(sampled.h, type ='1')
mean(sampled.h)
qqnorm(sampled.h)

## removing the effects of the initial values

burnin=1000
152



final.alpha0 = sampled.alphaO[-(1:burnin)]

final.alphal = sampled.alphal[-(1:burnin)]

final.alpha2 = sampled.alpha2[-(1:burnin)]

final.betal 1 = sampled.betal 1[-(1:burnin)]

final.beta22 = sampled.beta22[-(1:burnin)]

final.betal2 = sampled.betal2[-(1:burnin)]

final.h = sampled.h[-(1:burnin)]

HHRHHHHR R R
# THE ACTUAL ESTIMATES OF THE CES MODEL
R R R R R R R e T
final.gamma = exp(mean(final.alpha0))

final.gamma

final.delta = mean(final.alphal)/(mean(final.alphal)+mean(final.alpha2))
final.delta

final.rho =
(mean(final.betal2)*(mean(final.alphal)+mean(final.alpha2)))/(mean(final.alphal)*mean(
final.alpha2))

final.rho
final.nu = mean(final.alphal)+mean(final.alpha2)

final.nu

HHHHHEHHHHH A
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#trace plot #after burnin
plot(final.alpha0, type ='1")
mean(final.alpha0)
qqnorm(final.alpha0)
plot(final.alphal, type ='T')
mean(final.alphal)
qqnorm(final.alphal)
plot(final.alpha2, type ='I')
mean(final.alpha2)
gqnorm(final.alpha2)
plot(final.betall, type ='1")
mean(final.betall)
gqnorm(final.betall)
plot(final.beta22, type ='I')
mean(final.beta2?2)
qqnorm(final.beta22)
plot(final.betal2, type ='I')
mean(final.betal?2)
qqnorm(final.betal2)
plot(final.h, type ="l')

mean(final.h)
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## THE HISTOGRAM PLOTS

hist(final.alpha0, xlab="x", ylab="y", col = "red", prob = T, main = "HISTORGAM OF
alpha0")

lines(density(final.alpha0, col="black"))

plot(density(final.alpha0, xlab="x", ylab="y", col="black"))

hist(final.alphal, xlab="x", ylab="y", col = "purple",main = "HISTORGAM OF alphal")
hist(final.alpha2, xlab="x", ylab="y", col = "blue",main = "HISTORGAM OF alpha2")
hist(final.betal 1, xlab="x", ylab="y", col = "cyan",main = "HISTORGAM OF betall")

hist(final.beta22, xlab="x", ylab="y", col = "darkblue",main = "HISTORGAM OF
beta22")

hist(final.betal2, xlab="x", ylab="y", col = "pink",main = "HISTORGAM OF betal2")
hist(final.h)

### SCATTER PLOT OF THE ESTIMATES

plot(final.alpha0)

plot(final.alphal, col = "blue")

plot(final.alpha2)

plot(final.betal 1)

plot(final.beta22)

plot(final.betal2, col="red")

R R R R R R R ]

## USING CODA
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library('coda')
alpha0.itr=mcmc(final.alpha0)
summary(alpha0.itr)
plot(alpha0.itr, col="pink")

title(‘alpha0',xlab="itr", ylab="alpha0.itr")

alphal.itr=mcmc(final.alphal)
summary(alphal.itr)
plot(alphal.itr, col="cyan")

title(‘alphal',xlab="itr', ylab="alphal..itr")

alpha2.itr=mcmc(final.alpha2)
summary(alpha2.itr)
plot(alpha2.itr, col="purple")

title('alpha2',xlab="itr', ylab="alpha2.itr")

betal 1.itr=mcmc(final.betall)
summary(betal 1.itr)
plot(betal 1.itr, col="purple")

title('betal 1',xlab="itr', ylab="betal 1.itr")

beta22.itr=mcmc(final.beta22)
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summary(beta22.itr)
plot(beta22.itr, col="purple")

title('beta22',xlab="itr', ylab="beta22.itr")

betal2.itr=mcmc(final.betal2)
summary(betal2.itr)
plot(betal2.itr, col="purple")

title('betal2',xlab="itr', ylab="betal2.itr")

h.itr=mcmc(final.h)
summary(h.itr)

plot(h.itr, col="red")
title('h',xlab="itr", ylab="h.itr")
# p = data.frame(x,y_star)

# curve(dnorm(p, mean=mean(final.alpha0), sd=sd(final.aplha0)))
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APPENDIX B

Data simulated for Cobb Douglas production function with Multiplicative error

(y= ﬂoXlﬁ‘ ,sz €") For 50 samples size.

X0 X0 X0 X0 X0 X0
S/NO i ¥ ¥

1 1.3050012 6.4221807 6.5905422
2 3.3806409 0.9486795 5.6155654
3 3.2728793 1.5468497 2.1696898
4 1.4250526 2.524154 5.3327284
5 2.9518838 1.2684679 3.1110081
6 1.2387654 5.7422982 5.0624904
7 0.7185569 0.8581459 1.4940462
8 5.9390252 2.5244748 4.1882373
9 0.1166438 1.8583013 1.2209489
10 0.1447515 3.5699373 3.2681288
11 15.704889 21.670454 29.70356
12 23.709831 16.289003 21.433996
13 5.0749935 1.6356634 2.4815247
14 17.299354 24.467854 24.883666
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15 9.7178787 11.742482 13.231317
16 7.5001724 6.8496278 8.3615224
17 2.6620037 0.3480224 0.7504386
18 6.1980373 2.9847535 4.7371306
19 20.298968 11.435497 19.589084
20 3.4055118 17.871748 15.599602
21 1.7855777 5.2736211 5.9836257
22 1.2999163 1.008773 1.1869412
23 0.9101566 4.9613212 4.5674414
24 1.1506709 0.5761371 0.8741142
25 0.7635854 1.0779878 1.8740272
26 3.021645 6.5296055 6.7608331
27 3.6752515 5.3551207 6.069585
28 0.8184425 0.7600095 1.9288473
29 4.9309724 7.0724511 10.111883
31 7.2101898 3.8201262 5.5992625
32 0.6324711 1.1684778 1.2648464
33 10.663268 1.3101904 2915198
34 31.109909 6.7083878 12.248276
35 11.923364 11.923308 16.338319
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36 2.4809831 1.6677976 2.0132905
37 3.1723005 2.5150438 2.9284657
38 13.025498 13.979601 17.965117
39 1.5909873 1.5740767 2.4431929
40 3.9235649 5.877161 7.349952
41 2.2958819 2.3717087 4.3309551
42 22.975888 10.538059 17.76221
43 3.2415918 1.3649049 2.4400398
44 5.7792871 0.1254126 0.4152731
45 8.1713097 23.876815 22.061865
46 4.1775316 1.309937 2.2560055
47 7.793092 0.4429907 1.1607517
48 0.4251882 2.4614155 4.3742058
49 1.4009565 0.8663625 1.3104511
50 22.627077 22.827593 24.075672
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Data simulated for Cobb Douglas production function with Multiplicative error

(y=B,X", X"y when N=50

)(10‘85,)(315 X10.90’X20A20 XIO“,XZO'ZO

S/NO » s

1 1.3050012 6.4221807 6.5905422
2 3.3806409 0.9486795 5.6155654
3 3.2728793 1.5468497 2.1696898
4 1.4250526 2.524154 5.3327284
5 2.9518838 1.2684679 3.1110081
6 1.2387654 5.7422982 5.0624904
7 0.7185569 0.8581459 1.4940462
8 5.9390252 2.5244748 4.1882373
9 0.1166438 1.8583013 1.2209489
10 0.1447515 3.5699373 3.2681288
11 15.704889 21.670454 29.70356
12 23.709831 16.289003 21.433996
13 5.0749935 1.6356634 2.4815247
14 17.299354 24.467854 24.883666
15 9.7178787 11.742482 13.231317
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16 7.5001724 6.8496278 8.3615224
17 2.6620037 0.3480224 0.7504386
18 6.1980373 2.9847535 4.7371306
19 20.298968 11.435497 19.589084
20 3.4055118 17.871748 15.599602
21 1.7855777 5.2736211 5.9836257
22 1.2999163 1.008773 1.1869412
23 0.9101566 4.9613212 4.5674414
24 1.1506709 0.5761371 0.8741142
25 0.7635854 1.0779878 1.8740272
26 3.021645 6.5296055 6.7608331
27 3.6752515 5.3551207 6.069585
28 0.8184425 0.7600095 1.9288473
29 4.9309724 7.0724511 10.111883
31 7.2101898 3.8201262 5.5992625
32 0.6324711 1.1684778 1.2648464
33 10.663268 1.3101904 2915198
34 31.109909 6.7083878 12.248276
35 11.923364 11.923308 16.338319
36 2.4809831 1.6677976 2.0132905
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37 3.1723005 2.5150438 2.9284657
38 13.025498 13.979601 17.965117
39 1.5909873 1.5740767 2.4431929
40 2.2958819 2.3717087 4.3309551
41 22.975888 10.538059 17.76221
42 3.2415918 1.3649049 2.4400398
43 5.7792871 0.1254126 0.4152731
44 8.1713097 23.876815 22.061865
45 4.1775316 1.309937 2.2560055
46 1.9284974 2.7381445 3.12617
47 7.793092 0.4429907 1.1607517
48 0.4251882 2.4614155 4.3742058
49 1.4009565 0.8663625 1.3104511
50 22.627077 22.827593 24.075672
51 4.1118186 3.4423125 4.4527828
52 4.1848483 9.1291326 8.8302605
53 24.845877 14.048006 20.787239
54 40.772592 51.391524 65.983688
55 11.979898 4.1599108 7.772756
56 28.435173 17.227021 23.093413
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57 3.2448588 2.5315681 3.3629871
58 15.467622 12.375996 14.344881
59 4.1049173 2.396232 4.0538514
60 15.75343 9.7913189 12.506897
61 2.5220597 0.1311515 0.4438284
62 4.4861215 1.2766629 2.0504212
63 4.9484562 2.331525 3.985216
64 11.790106 8.2292567 10.586462
65 14.756626 34.933946 32.22165
66 8.2432681 28.180636 32.184311
67 3.8844428 10.71204 16.274519
68 6.5546795 3.91162 5.2669665
69 8.5212156 2.0330729 4.4988011
70 3.1933737 0.9997919 1.5443547
71 7.7467172 1.992097 3.4430818
72 2.3727342 1.7208927 2.2704766
73 3.0316195 2.9721437 3.6558229
74 4.2090489 4.9207746 6.875331
75 1.2571809 0.181264 0.3468572
76 42.372686 24.805797 32.462332
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77 2.2913268 1.0817459 1.7349518
78 6.119058 7.5521036 9.0149899
79 0.9362999 1.2619797 1.6437179
80 46.082287 12.362638 24.029043
81 10.310606 13.077201 22.465039
82 9.6746895 5.2328161 7.1511316
83 4.6830787 6.9204495 8.4305871
84 7.4239819 15.039933 18.270569
85 17.052048 5.3379436 7.8797732
86 4.9449809 0.4305529 1.1191055
87 1.932585 17.014165 16.229872
88 115.92614 39.565472 58.45604
89 1.950488 0.8779856 1.2381824
90 1.5975815 2.1006575 3.127278
91 6.0779807 4.2444754 5.8517012
92 2.4310325 8.6402582 7.5007562
93 1.8330834 4.2942563 8.7218083
94 18.152933 22.682997 26.687491
95 16.471633 10.957555 13.382371
96 1.6103198 2.3160871 2.9025375
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97 2.308563 0.8160045 1.1712289
98 12.343075 15.15644 21.173305
99 5.9533055 11.981183 12.046095
100 16.482381 1.6152371 4.4632705
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Data simulated for Cobb Douglas production function with Multiplicative error

(y=B,X",X%e") when N=150

X0 X0 X0 X0 X0 X0
S/NO i ¥ ¥

1 1.3050012 6.4221807 6.5905422
2 3.3806409 0.9486795 5.6155654
3 3.2728793 1.5468497 2.1696898
4 1.4250526 2.524154 5.3327284
5 2.9518838 1.2684679 3.1110081
6 1.2387654 5.7422982 5.0624904
7 0.7185569 0.8581459 1.4940462
8 5.9390252 2.5244748 4.1882373
9 0.1166438 1.8583013 1.2209489
10 0.1447515 3.5699373 3.2681288
11 15.704889 21.670454 29.70356
12 23.709831 16.289003 21.433996
13 5.0749935 1.6356634 2.4815247
14 17.299354 24.467854 24.883666
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15 9.7178787 11.742482 13.231317
16 7.5001724 6.8496278 8.3615224
17 2.6620037 0.3480224 0.7504386
18 6.1980373 2.9847535 4.7371306
19 20.298968 11.435497 19.589084
20 3.4055118 17.871748 15.599602
21 1.7855777 5.2736211 5.9836257
22 1.2999163 1.008773 1.1869412
23 0.9101566 4.9613212 4.5674414
24 1.1506709 0.5761371 0.8741142
25 0.7635854 1.0779878 1.8740272
26 3.021645 6.5296055 6.7608331
27 3.6752515 5.3551207 6.069585
28 0.8184425 0.7600095 1.9288473
29 4.9309724 7.0724511 10.111883
31 7.2101898 3.8201262 5.5992625
32 0.6324711 1.1684778 1.2648464
33 10.663268 1.3101904 2915198
34 31.109909 6.7083878 12.248276
35 11.923364 11.923308 16.338319
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36 2.4809831 1.6677976 2.0132905
37 3.1723005 2.5150438 2.9284657
38 13.025498 13.979601 17.965117
39 1.5909873 1.5740767 2.4431929
40 3.9235649 5.877161 7.349952
41 2.2958819 2.3717087 4.3309551
42 22.975888 10.538059 17.76221
43 3.2415918 1.3649049 2.4400398
44 5.7792871 0.1254126 0.4152731
45 8.1713097 23.876815 22.061865
46 4.1775316 1.309937 2.2560055
47 1.9284974 2.7381445 3.12617
48 7.793092 0.4429907 1.1607517
49 0.4251882 2.4614155 4.3742058
50 1.4009565 0.8663625 1.3104511
51 22.627077 22.827593 24.075672
52 4.1118186 3.4423125 4.4527828
53 4.1848483 9.1291326 8.8302605
54 24.845877 14.048006 20.787239
55 40.772592 51.391524 65.983688
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56 11.979898 4.1599108 7.772756
57 28.435173 17.227021 23.093413
58 3.2448588 2.5315681 3.3629871
59 15.467622 12.375996 14.344881
60 4.1049173 2.396232 4.0538514
61 15.75343 9.7913189 12.506897
62 2.5220597 0.1311515 0.4438284
63 4.4861215 1.2766629 2.0504212
64 4.9484562 2.331525 3.985216
65 11.790106 8.2292567 10.586462
66 14.756626 34.933946 32.22165
67 8.2432681 28.180636 32.184311
68 3.8844428 10.71204 16.274519
69 6.5546795 3.91162 5.2669665
70 8.5212156 2.0330729 4.4988011
71 3.1933737 0.9997919 1.5443547
72 7.7467172 1.992097 3.4430818
73 2.3727342 1.7208927 2.2704766
74 3.0316195 2.9721437 3.6558229
75 4.2090489 4.9207746 6.875331
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76 1.2571809 0.181264 0.3468572
77 42.372686 24.805797 32.462332
78 2.2913268 1.0817459 1.7349518
79 6.119058 7.5521036 9.0149899
80 0.9362999 1.2619797 1.6437179
81 46.082287 12.362638 24.029043
82 10.310606 13.077201 22.465039
83 9.6746895 5.2328161 7.1511316
84 4.6830787 6.9204495 8.4305871
85 7.4239819 15.039933 18.270569
86 17.052048 5.3379436 7.8797732
87 4.9449809 0.4305529 1.1191055
88 1.932585 17.014165 16.229872
89 115.92614 39.565472 58.45604
90 1.950488 0.8779856 1.2381824
91 1.5975815 2.1006575 3.127278
92 6.0779807 4.2444754 5.8517012
93 2.4310325 8.6402582 7.5007562
94 1.8330834 4.2942563 8.7218083
95 18.152933 22.682997 26.687491
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96 16.471633 10.957555 13.382371
97 1.6103198 2.3160871 2.9025375
98 2.308563 0.8160045 1.1712289
99 12.343075 15.15644 21.173305
100 5.9533055 11.981183 12.046095
101 16.482381 1.6152371 4.4632705
102 3.6377071 2.5558327 3.1396226
103 18.575017 1.7108874 3.6216003
105 2.3748916 1.8076188 2.4644719
106 23.518242 11.393107 16.671919
107 4.5066107 5.3590117 7.084533
108 16.463104 18.149822 23.262149
109 26.978732 26.587976 28.648152
110 0.6814986 1.3827036 1.3827892
111 7.5261748 26.897028 24.788304
112 19.143616 14.564764 23.960931
113 3.1650544 3.1253114 3.4226159
114 11.287375 24.561883 34.467964
115 6.1907238 1.7377248 2.9722295
116 1.285089 5.9253018 4.9783908
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117 4.7864717 25.403857 21.097774
118 8.6016823 11.758634 14.099025
119 19.321395 12.410895 15.384224
120 19.390709 21.768106 25.393142
121 31.971895 29.845719 35.735434
122 29.42084 21.277116 30.446929
123 5.0922798 0.9040281 2.047881
124 13.737984 5.3418213 8.84091
125 12.511477 5.261552 6.8063919
126 3.3085413 1.9070323 3.1047053
127 20.636129 5.6888503 9.6129347
128 2.8381669 0.9076053 2.1074394
129 6.9666752 6.1238637 13.164182
130 3.5352101 1.9660885 2.4701597
131 8.1643196 8.458108 9.1139783
132 2.5927425 3.9096513 3.9893795
133 51.531286 55.764837 56.08541
134 7.2099145 1.6658564 3.0684061
135 1.5816747 1.1817277 1.71033
136 1.5550496 1.7777615 2.2456363
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137 0.2078518 2.2642422 2.3998578
138 4.5541058 1.5557539 2.4257884
139 17.354549 13.992525 19.230546
140 20.160694 25.320333 26.328202
141 25.0906 3.6956266 6.6745865
142 25.029612 22.736744 24.450965
143 0.9506363 1.7578895 1.7688096
144 3.5516633 1.0856802 1.7071614
145 1.2085901 0.1772278 0.3661742
146 46.153968 56.374295 58.878729
147 6.8389795 2.8744876 5.3155921
148 24.991068 32.154635 35.363308
149 11.444049 10.365895 12.645178
150 12.480869 8.5661406 11.825258
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Data simulated for Cobb Douglas production function with Multiplicative error

(y=B,X",X%e") when N=250

)(10‘85,)(315 X10.90’X20A20 XIO“,XZO'ZO

S/NO » s

1 1.3050012 6.4221807 6.5905422
2 3.3806409 0.9486795 5.6155654
3 3.2728793 1.5468497 2.1696898
4 1.4250526 2.524154 5.3327284
5 2.9518838 1.2684679 3.1110081
6 1.2387654 5.7422982 5.0624904
7 0.7185569 0.8581459 1.4940462
8 5.9390252 2.5244748 4.1882373
9 0.1166438 1.8583013 1.2209489
10 0.1447515 3.5699373 3.2681288
11 15.704889 21.670454 29.70356
12 23.709831 16.289003 21.433996
13 5.0749935 1.6356634 2.4815247
14 17.299354 24.467854 24.883666
15 9.7178787 11.742482 13.231317
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16 7.5001724 6.8496278 8.3615224
17 2.6620037 0.3480224 0.7504386
18 6.1980373 2.9847535 4.7371306
19 20.298968 11.435497 19.589084
20 3.4055118 17.871748 15.599602
21 1.7855777 5.2736211 5.9836257
22 1.2999163 1.008773 1.1869412
23 0.9101566 4.9613212 4.5674414
24 1.1506709 0.5761371 0.8741142
25 0.7635854 1.0779878 1.8740272
26 3.021645 6.5296055 6.7608331
27 3.6752515 5.3551207 6.069585
28 0.8184425 0.7600095 1.9288473
29 4.9309724 7.0724511 10.111883
31 7.2101898 3.8201262 5.5992625
32 0.6324711 1.1684778 1.2648464
33 10.663268 1.3101904 2915198
34 31.109909 6.7083878 12.248276
35 11.923364 11.923308 16.338319
36 2.4809831 1.6677976 2.0132905

176




37 3.1723005 2.5150438 2.9284657
38 13.025498 13.979601 17.965117
39 1.5909873 1.5740767 2.4431929
40 3.9235649 5.877161 7.349952
41 2.2958819 2.3717087 4.3309551
42 22.975888 10.538059 17.76221
43 3.2415918 1.3649049 2.4400398
44 5.7792871 0.1254126 0.4152731
45 8.1713097 23.876815 22.061865
46 4.1775316 1.309937 2.2560055
47 1.9284974 2.7381445 3.12617
48 7.793092 0.4429907 1.1607517
49 0.4251882 2.4614155 4.3742058
50 1.4009565 0.8663625 1.3104511
51 22.627077 22.827593 24.075672
52 4.1118186 3.4423125 4.4527828
53 4.1848483 9.1291326 8.8302605
54 24.845877 14.048006 20.787239
55 40.772592 51.391524 65.983688
56 11.979898 4.1599108 7.772756

177




57 28.435173 17.227021 23.093413
58 3.2448588 2.5315681 3.3629871
59 15.467622 12.375996 14.344881
60 4.1049173 2.396232 4.0538514
61 15.75343 9.7913189 12.506897
62 2.5220597 0.1311515 0.4438284
63 4.4861215 1.2766629 2.0504212
64 4.9484562 2.331525 3.985216
65 11.790106 8.2292567 10.586462
66 14.756626 34.933946 32.22165
67 8.2432681 28.180636 32.184311
68 3.8844428 10.71204 16.274519
69 6.5546795 3.91162 5.2669665
70 8.5212156 2.0330729 4.4988011
71 3.1933737 0.9997919 1.5443547
72 7.7467172 1.992097 3.4430818
73 2.3727342 1.7208927 2.2704766
74 3.0316195 2.9721437 3.6558229
75 4.2090489 4.9207746 6.875331
76 1.2571809 0.181264 0.3468572

178




77 42.372686 24.805797 32.462332
78 2.2913268 1.0817459 1.7349518
79 6.119058 7.5521036 9.0149899
80 0.9362999 1.2619797 1.6437179
81 46.082287 12.362638 24.029043
82 10.310606 13.077201 22.465039
83 9.6746895 5.2328161 7.1511316
84 4.6830787 6.9204495 8.4305871
85 7.4239819 15.039933 18.270569
86 17.052048 5.3379436 7.8797732
87 4.9449809 0.4305529 1.1191055
88 1.932585 17.014165 16.229872
89 115.92614 39.565472 58.45604
90 1.950488 0.8779856 1.2381824
91 1.5975815 2.1006575 3.127278
92 6.0779807 4.2444754 5.8517012
93 2.4310325 8.6402582 7.5007562
94 1.8330834 4.2942563 8.7218083
95 18.152933 22.682997 26.687491
96 16.471633 10.957555 13.382371

179




97 1.6103198 2.3160871 2.9025375
98 2.308563 0.8160045 1.1712289
99 12.343075 15.15644 21.173305
100 5.9533055 11.981183 12.046095
101 16.482381 1.6152371 4.4632705
102 3.6377071 2.5558327 3.1396226
103 18.575017 1.7108874 3.6216003
105 2.3748916 1.8076188 2.4644719
106 23.518242 11.393107 16.671919
107 4.5066107 5.3590117 7.084533
108 16.463104 18.149822 23.262149
109 26.978732 26.587976 28.648152
110 0.6814986 1.3827036 1.3827892
111 7.5261748 26.897028 24.788304
112 19.143616 14.564764 23.960931
113 3.1650544 3.1253114 3.4226159
114 11.287375 24.561883 34.467964
115 6.1907238 1.7377248 2.9722295
116 1.285089 5.9253018 4.9783908
117 4.7864717 25.403857 21.097774

180




118 8.6016823 11.758634 14.099025
119 19.321395 12.410895 15.384224
120 19.390709 21.768106 25.393142
121 31.971895 29.845719 35.735434
122 29.42084 21.277116 30.446929
123 5.0922798 0.9040281 2.047881
124 13.737984 5.3418213 8.84091
125 12.511477 5.261552 6.8063919
126 3.3085413 1.9070323 3.1047053
127 20.636129 5.6888503 9.6129347
128 2.8381669 0.9076053 2.1074394
129 6.9666752 6.1238637 13.164182
130 3.5352101 1.9660885 2.4701597
131 8.1643196 8.458108 9.1139783
132 2.5927425 3.9096513 3.9893795
133 51.531286 55.764837 56.08541
134 7.2099145 1.6658564 3.0684061
135 1.5816747 1.1817277 1.71033
136 1.5550496 1.7777615 2.2456363
137 0.2078518 2.2642422 2.3998578

181




138 4.5541058 1.5557539 2.4257884
139 17.354549 13.992525 19.230546
140 20.160694 25.320333 26.328202
141 25.0906 3.6956266 6.6745865
142 25.029612 22.736744 24.450965
143 0.9506363 1.7578895 1.7688096
144 3.5516633 1.0856802 1.7071614
145 1.2085901 0.1772278 0.3661742
146 46.153968 56.374295 58.878729
147 6.8389795 2.8744876 5.3155921
148 24.991068 32.154635 35.363308
149 11.444049 10.365895 12.645178
150 12.480869 8.5661406 11.825258
151 28.862052 4.9521029 8.8708489
152 6.6286804 11.781907 13.487623
153 2.9909887 8.0546734 7.6387179
154 9.1865725 2.5674512 3.92469
155 5.5339382 3.2607008 5.9713222
156 0.735294 1.1337369 1.3083387
157 2.4381353 2.168984 2.6386268

182




158 1.0172438 0.2881161 0.4579736
159 15.158867 3.3166083 7.4951497
160 3.6715713 11.109621 14.127761
161 2.0680366 3.9144445 3.8140644
162 0.873379 0.3548709 0.5707778
163 14.339214 18.550709 21.057239
164 4.2054148 3.746279 5.1232596
165 3.3611281 10.344383 10.065879
166 2.5934991 2.5638772 3.6108833
167 3.8057039 5.8383117 7.116014
168 4.1969934 2.1663782 2.8675255
169 27.138763 21.829705 32.200869
170 2.0867629 1.8332457 3.3909831
171 9.8241633 12.542938 12.488682
172 1.9177037 1.5866731 2.3741644
173 3.327809 2.2127909 3.2113895
174 3.0616443 7.466383 6.782499
175 5.957434 8.3406876 12.607088
176 32.977726 30.195335 33.243832
177 7.1091927 77847776 8.2257436

183




178 9.3193009 24.045763 23.832961
179 5.2161288 1.9926294 3.914889
180 5.0183156 2.9029441 3.7999734
181 5.7107869 11.54011 18.356377
182 16.783739 8.2725751 12.539746
183 15.561841 8.4528869 10.63583
184 7.2542287 2.8470453 6.2313703
185 0.6188387 1.2200781 1.6777975
186 3.6487917 5.2213013 6.2538896
187 22.761927 15.087113 17.836563
188 55.572598 60.776009 79.190752
189 5.5451729 7.6788854 9.27613
190 5.2064253 10.892785 12.615507
191 24.686098 20.82835 23.688936
192 6.5003202 3.2991593 4.4558057
193 6.1382873 1.3776182 2.7482195
194 26.983088 2.7731512 7.1348845
195 5.3527451 0.5388447 1.0739846
196 0.3187782 2.3082335 1.7304967
197 0.7630661 1.899624 2.4443978

184




198 2.8765522 5.0040337 5.1887638
199 1.2522444 1.5909926 1.6336996
200 3.5749258 1.1067502 1.6983275
201 0.8497229 3.4621875 3.4989117
202 1.4334117 3.5008129 3.2483286
203 41.833754 10.498973 18.998034
204 4.7592757 9.3533686 11.072586
205 32.000558 37.501569 41.795304
206 24.035625 22.458986 31.332662
207 4.7014055 0.8611415 1.469722
208 16.445743 16.868224 17.72187
209 13.348187 28.700215 29914732
210 0.2559678 2.9608604 2.6777247
211 4.0638246 1.6873976 4.7364007
212 1.2840921 3.4154206 3.1217314
213 13.397493 11.946935 13.383863
214 0.3599687 36.430031 16.965134
215 4.2587948 6.941884 7.0264344
216 1.6061611 0.9850854 1.2874317
217 11.20333 0.9701038 2.8036161

185




218 2.8601924 3.0550974 3.0984637
219 4.9803348 25.684294 19.925814
220 3.8880737 4.9258633 5.6930445
221 8.8851106 8.2403081 8.6861917
222 1.0306182 0.780371 1.0244486
223 6.0756629 1.3023057 2.1995407
224 2.2849159 7.9283582 6.694315
225 8.2134742 20.183961 17.622633
226 6.3736047 8.1792616 8.5238798
227 4.7992917 4.712616 5.6561872
228 6.4284759 7.8747496 9.139608
229 6.7263566 2.7697557 8.4231412
230 47.644753 53.528486 62.463459
231 3.827245 18.933778 16.803959
232 29.322829 18.39735 28.294918
233 1.1979835 5.0461058 5.2199575
234 0.7534151 1.4877593 1.95611
235 4.7144116 8.1386786 9.2285692
236 5.6972868 3.4498389 4.833998
237 10.604857 15.725605 16.46021

186




238 11.44227 9.2963265 12.101785
238 3.7712654 5.0743422 5.5803964
240 0.8636279 0.8873888 0.9731304
241 3.994707 3.6286332 4.2208607
242 24213611 2.0021435 3.1089334
243 36.472883 26.376727 31.071331
244 3.4662948 16.126445 14.722236
245 22.869048 16.641492 23.910821
246 8.9625393 1.599611 2.8486574
247 17.226524 12.75982 14.697867
248 9.6287464 8.8288301 10.163102
249 1.7727517 2.2408464 2.7567537
250 9.911306 9.2014812 9.7072588

187




Data simulated for Cobb Douglas production function with Multiplicative error term

(y=B,X",X%e") when N=500

)(10‘85,)(315 X10.90’X20A20 XIO“,XZO'ZO

S/NO i Vs Vs

1 1.3050012 6.4221807 6.5905422
2 3.3806409 0.9486795 5.6155654
3 3.2728793 1.5468497 2.1696898
4 1.4250526 2.524154 5.3327284
5 2.9518838 1.2684679 3.1110081
6 1.2387654 5.7422982 5.0624904
7 0.7185569 0.8581459 1.4940462
8 5.9390252 2.5244748 4.1882373
9 0.1166438 1.8583013 1.2209489
10 0.1447515 3.5699373 3.2681288
11 15.704889 21.670454 29.70356
12 23.709831 16.289003 21.433996
13 5.0749935 1.6356634 2.4815247
14 17.299354 24.467854 24.883666
15 9.7178787 11.742482 13.231317

188




16 7.5001724 6.8496279 8.3615224
17 2.6620037 0.3480224 0.7504386
18 6.1980373 2.9847535 4.7371306
19 20.298968 11.435497 19.589084
20 3.4055118 17.871748 15.599602
21 1.7855777 5.2736211 5.9836257
22 1.2999163 1.008773 1.1869412
23 0.9101566 4.9613212 4.5674414
24 1.1506709 0.5761371 0.8741142
25 0.7635854 1.0779878 1.8740273
26 3.021645 6.5296055 6.7608331
27 3.6752515 5.3551207 6.069585
28 0.8184425 0.7600095 1.9288473
29 4.9309724 7.0724511 10.111883
31 7.2101898 3.8201262 5.5992625
32 0.6324711 1.1684778 1.2648464
33 10.663267 1.3101904 2915198
34 31.109909 6.7083878 12.248276
35 11.923363 11.923308 16.338319
36 2.4809831 1.6677976 2.0132905

189




37 3.1723005 2.5150438 2.9284657
38 13.025498 13.979601 17.965117
39 1.5909873 1.5740767 2.4431929
40 3.9235649 5.877161 7.349952
41 2.2958819 2.3717087 4.3309551
42 22.975888 10.538059 17.76221
43 3.2415918 1.3649049 2.4400398
44 5.7792871 0.1254126 0.4152731
45 8.1713097 23.876815 22.061865
46 4.1775316 1.309937 2.2560055
47 1.9284974 2.7381446 3.12617
48 7.793092 0.4429907 1.1607517
49 0.4251882 2.4614155 4.3742058
50 1.4009565 0.8663625 1.3104511
51 22.627077 22.827593 24.075672
52 4.1118186 3.4423125 4.4527828
53 4.1848483 9.1291326 8.8302605
54 24.845877 14.048006 20.787239
55 40.772592 51.391524 65.983688
56 11.979898 4.1599108 7.772756

190




57 28.435173 17.227021 23.093413
58 3.2448588 2.5315681 3.3629871
59 15.467622 12.375996 14.34488
60 4.1049173 2.396232 4.0538514
61 15.75343 9.7913189 12.506897
62 2.5220597 0.1311515 0.4438284
63 4.4861215 1.2766629 2.0504212
64 4.9484562 2.331525 3.985216
65 11.790106 8.2292567 10.586462
66 14.756626 34.933946 32.22165
67 8.2432681 28.180636 32.184311
68 3.8844428 10.71204 16.274519
69 6.5546795 3.9116201 5.2669665
70 8.5212156 2.0330729 4.4988011
71 3.1933737 0.9997919 1.5443547
72 7.7467172 1.992097 3.4430818
73 2.3727342 1.7208927 2.2704766
74 3.0316195 2.9721437 3.6558229
75 4.2090489 4.9207746 6.875331
76 1.2571809 0.181264 0.3468572

191




77 42.372686 24.805797 32.462332
78 2.2913268 1.0817459 1.7349518
79 6.119058 7.5521036 9.0149899
80 0.9362999 1.2619797 1.6437179
81 46.082287 12.362637 24.029043
82 10.310606 13.0772 22.465039
83 9.6746895 5.2328161 7.1511316
84 4.6830787 6.9204495 8.4305871
85 7.4239819 15.039933 18.270569
86 17.052048 5.3379436 7.8797732
87 4.9449809 0.4305529 1.1191055
88 1.932585 17.014165 16.229872
89 115.92614 39.565472 58.45604
90 1.950488 0.8779856 1.2381824
91 1.5975815 2.1006575 3.127278
92 6.0779807 4.2444754 5.8517012
93 2.4310325 8.6402582 7.5007562
94 1.8330834 4.2942563 8.7218083
95 18.152933 22.682997 26.687491
96 16.471633 10.957555 13.382371

192




97 1.6103198 2.3160871 2.9025375
98 2.308563 0.8160045 1.1712289
99 12.343075 15.15644 21.173305
100 5.9533055 11.981183 12.046095
101 16.482381 1.6152371 4.4632705
102 3.6377071 2.5558327 3.1396226
103 18.575017 1.7108874 3.6216003
105 2.3748916 1.8076188 2.4644719
106 23.518242 11.393107 16.671919
107 4.5066107 5.3590117 7.084533
108 16.463104 18.149822 23.262149
109 26.978732 26.587976 28.648152
110 0.6814986 1.3827036 1.3827892
111 7.5261748 26.897028 24.788304
112 19.143616 14.564764 23.960931
113 3.1650544 3.1253114 3.4226159
114 11.287375 24.561883 34.467964
115 6.1907238 1.7377248 2.9722295
116 1.285089 5.9253018 4.9783908
117 4.7864717 25.403857 21.097774

193




118 8.6016823 11.758634 14.099025
119 19.321395 12.410895 15.384224
120 19.390709 21.768106 25.393142
121 31.971895 29.845719 35.735434
122 29.42084 21.277116 30.446929
123 5.0922798 0.9040281 2.047881
124 13.737984 5.3418213 8.84091
125 12.511477 5.261552 6.8063919
126 3.3085413 1.9070323 3.1047053
127 20.636129 5.6888503 9.6129348
128 2.8381669 0.9076053 2.1074394
129 6.9666752 6.1238637 13.164182
130 3.5352101 1.9660885 2.4701597
131 8.1643196 8.458108 9.1139783
132 2.5927425 3.9096513 3.9893795
133 51.531286 55.764837 56.08541
134 7.2099145 1.6658564 3.0684061
135 1.5816747 1.1817277 1.7103301
136 1.5550496 1.7777615 2.2456364
137 0.2078518 2.2642422 2.3998578

194




138 4.5541058 1.5557539 2.4257884
139 17.354549 13.992525 19.230546
140 20.160694 25.320333 26.328202
141 25.0906 3.6956266 6.6745865
142 25.029612 22.736744 24.450965
143 0.9506363 1.7578895 1.7688096
144 3.5516633 1.0856802 1.7071614
145 1.2085901 0.1772278 0.3661742
146 46.153968 56.374295 58.878729
147 6.8389795 2.8744876 5.3155921
148 24.991068 32.154635 35.363308
149 11.444049 10.365895 12.645178
150 12.480869 8.5661406 11.825257
151 28.862052 4.952103 8.8708489
152 6.6286804 11.781907 13.487623
153 2.9909887 8.0546734 7.6387179
154 9.1865725 2.5674512 3.92469
155 5.5339382 3.2607008 5.9713222
156 0.735294 1.1337369 1.3083387
157 2.4381353 2.168984 2.6386268

195




158 1.0172438 0.2881161 0.4579736
159 15.158867 3.3166083 7.4951497
160 3.6715713 11.109621 14.127761
161 2.0680366 3.9144445 3.8140644
162 0.873379 0.3548709 0.5707778
163 14.339214 18.550709 21.057239
164 4.2054148 3.746279 5.1232596
165 3.3611281 10.344383 10.065879
166 2.5934991 2.5638772 3.6108833
167 3.8057039 5.8383117 7.116014
168 4.1969934 2.1663782 2.8675255
169 27.138763 21.829705 32.200869
170 2.0867629 1.8332457 3.3909831
171 9.8241633 12.542938 12.488682
172 1.9177037 1.5866731 2.3741644
173 3.3278091 2.2127909 3.2113895
174 3.0616443 7.466383 6.782499
175 5.957434 8.3406876 12.607088
176 32.977726 30.195335 33.243832
177 7.1091927 77847776 8.2257436

196




178 9.3193009 24.045763 23.83296
179 5.2161288 1.9926294 3.914889
180 5.0183156 2.9029441 3.7999734
181 5.7107869 11.54011 18.356377
182 16.783739 8.2725751 12.539745
183 15.561841 8.4528869 10.63583
184 7.2542287 2.8470453 6.2313703
185 0.6188387 1.2200781 1.6777975
186 3.6487917 5.2213013 6.2538896
187 22.761927 15.087113 17.836563
188 55.572597 60.776009 79.190752
189 5.5451729 7.6788854 9.27613
190 5.2064253 10.892784 12.615507
191 24.686098 20.82835 23.688936
192 6.5003203 3.2991593 4.4558057
193 6.1382873 1.3776182 2.7482195
194 26.983088 2.7731512 7.1348845
195 5.3527451 0.5388447 1.0739846
196 0.3187782 2.3082335 1.7304967
197 0.7630661 1.899624 2.4443978

197




198 2.8765522 5.0040337 5.1887638
199 1.2522444 1.5909926 1.6336996
200 3.5749258 1.1067502 1.6983275
201 0.8497229 3.4621875 3.4989118
202 1.4334117 3.5008129 3.2483286
203 41.833754 10.498973 18.998034
204 4.7592757 9.3533687 11.072586
205 32.000558 37.501569 41.795304
206 24.035625 22.458985 31.332662
207 4.7014055 0.8611415 1.4697221
208 16.445743 16.868224 17.72187
209 13.348187 28.700215 29914732
210 0.2559678 2.9608604 2.6777247
211 4.0638246 1.6873976 4.7364007
212 1.2840921 3.4154206 3.1217314
213 13.397493 11.946935 13.383863
214 0.3599687 36.430031 16.965134
215 4.2587948 6.941884 7.0264344
216 1.6061611 0.9850854 1.2874317
217 11.20333 0.9701038 2.8036161

198




218 2.8601924 3.0550974 3.0984637
219 4.9803348 25.684294 19.925814
220 3.8880737 4.9258633 5.6930445
221 8.8851106 8.2403081 8.6861917
222 1.0306182 0.780371 1.0244486
223 6.0756629 1.3023057 2.1995407
224 2.2849159 7.9283582 6.694315
225 8.2134742 20.183961 17.622633
226 6.3736047 8.1792616 8.5238798
227 4.7992917 4.712616 5.6561872
228 6.4284759 7.8747496 9.1396081
229 6.7263566 2.7697557 8.4231412
230 47.644753 53.528486 62.463459
231 3.827245 18.933778 16.803959
232 29.322829 18.39735 28.294918
233 1.1979835 5.0461058 5.2199575
234 0.7534151 1.4877593 1.95611
235 4.7144116 8.1386786 9.2285692
236 5.6972868 3.4498389 4.833998
237 10.604857 15.725605 16.46021

199




238 11.44227 9.2963265 12.101785
238 3.7712654 5.0743422 5.5803964
240 0.8636279 0.8873888 0.9731304
241 3.994707 3.6286332 4.2208607
242 24213611 2.0021435 3.1089334
243 36.472883 26.376727 31.071331
244 3.4662948 16.126445 14.722236
245 22.869048 16.641492 23.910821
246 8.9625393 1.599611 2.8486574
247 17.226524 12.75982 14.697867
248 9.6287464 8.8288301 10.163102
249 1.7727517 2.2408464 2.7567538
250 9.911306 9.2014812 9.7072588
251 1.2634283 6.6587056 6.0305402
252 19.856675 19.549719 32.067241
253 40.547462 9.2709113 14.28637
254 6.2939461 26.086527 26.301426
255 1.6167047 2.1469704 2.1830377
256 1.0440269 1.0863624 1.7272562
257 7.1312285 1.2435283 2.1499423

200




258 35.983031 31.711516 37.489377
259 0.4104839 2.9148041 2.3112641
260 3.2724409 1.3879207 2.8310382
261 2.0091522 0.50956 1.0860193
262 0.8169769 4.399342 3.4793716
263 16.176245 17.898913 20.676089
264 7.197486 7.3722522 8.9883128
265 0.7103852 0.7206661 1.1157815
266 3.3434411 4.197976 7.0214453
267 10.735346 1.2185177 2.7579232
268 0.6600521 9.2741183 9.6587946
269 11.221131 3.2468096 6.6878089
270 0.9204277 0.4675871 0.7862862
271 5.8138425 4.4021504 6.4423731
272 7.4926213 7.4490447 9.557745
273 8.9998522 1.9328543 3.4582761
274 1.4142623 9.0389608 7.4980477
275 54751136 5.4209684 6.8167252
276 11.408714 4.6787671 6.6100364
277 72.686032 55.306595 138.59357
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278 46.846769 65.881807 62.57994
279 0.9223359 4.6619343 4.3119131
280 5.3107196 6.138654 7.0568831
281 19.993212 22.303627 24.453332
282 34.228292 4.9416547 10.932091
283 12.024335 0.7552084 2.7869187
284 3.7019913 15.335451 12.377438
285 1.3646478 0.6345863 0.9461147
286 22.265833 42.376673 40.932018
287 9.6171122 0.3218331 1.3972994
288 1.207346 3.8765743 3.5261732
289 13.088355 12.48285 15.209106
290 2.4924091 6.424102 6.0824532
291 2.408944 11.283612 10.392015
292 45.843283 48.088052 53.308137
293 4.0148474 14.303407 12.773916
294 18.086112 20.842203 25.504273
295 0.3089786 4.3671836 3.0676401
296 13.254331 14.18845 21.413949
297 12.41447 12.61569 13.362065
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299 12.982981 19.076696 20.885606
300 9.6620727 35.920379 34.699134
301 3.431578 0.4991525 1.0970863
302 0.849821 6.0697454 4.9358344
303 37.138281 7.0443586 16.19783
304 28.260612 14.600737 31.421835
305 19.980401 0.2886627 1.1406755
306 5.916063 3.3131442 4.2153136
307 18.490897 18.061207 21.538047
308 6.7797455 13.910166 13.408725
309 17.709785 12.46515 16.5333
310 3.3396476 2.0717807 2.7625688
311 20.13996 10.723172 16.393146
312 1.9552767 0.5820983 1.1875924
313 3.3672566 3.336831 3.9106637
314 20.648514 0.3841004 1.2306418
315 19.334734 9.1935549 27.064302
316 106.01873 122.35565 123.8734
317 0.4857851 5.2225875 4.3530725
318 0.4394561 10.723307 6.2459013
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319 25.009115 14.185296 23.997153
320 36.957667 7.4232435 16.005565
321 2.0727032 0.610956 1.4300895
322 125.62453 13.280697 30.705777
323 29.517149 19.172075 22.40902
324 2.8283219 28.748397 22.376844
325 15.939178 17.713085 24.474254
326 26.013349 8.8596196 15.233886
327 1.1390261 12.633572 8.2676875
328 0.5960731 6.791288 4.8624181
329 5.5583771 4.0368781 7.0253392
340 6.9122179 2.9372057 4.3698819
341 6.895181 3.5224659 49131015
342 3.7378313 3.5380412 6.1934899
343 4.0735393 10.471148 12.68075
344 7.8870319 5.9479035 8.2281266
345 18.413457 12.042453 19.351627
346 0.3127967 1.0312283 1.3837435
347 5.3346811 1.7441634 2.5290841
348 10.974438 1.0141238 2.3408694
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349 1.6773678 7.9005978 6.4048678
350 4.0562613 7.5426835 8.082659
351 10.06727 8.1511626 13.206116
352 14.524617 1.6592396 3.5344543
353 16.789181 23.408014 23.058299
354 16.081767 7.5303269 11.128393
355 8.0430964 14.657127 14.423013
356 3.6686796 3.2669834 4.0195805
357 3.4976252 3.7752092 4.9138735
358 2.5631168 4.1362988 4.1575907
359 25.973661 11.851753 17.414768
360 3.2107151 6.4011034 6.2938034
361 17.930662 16.558369 19.394802
362 72.554018 26.944283 52.560619
363 3.6825974 3.110469 4.5871447
364 4.9286174 5.4443118 5.5645697
365 15.897365 51.212117 42.644389
366 0.6126852 1.3010516 1.6948337
367 8.922792 30.209149 26.218551
368 81.378431 52.768336 63.844307
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369 2.1759782 7.7420421 9.9318506
370 46.457073 40.496094 43.916887
371 14.155586 32.914685 30.521836
372 7.8424218 20.605053 18.38443
373 40.79128 69.415964 78.340091
374 3.7237851 26.586204 22.617299
375 11.164424 7.3555458 12.097243
376 0.4390489 2.4190942 21317777
377 1.0523159 0.8435661 1.4970081
378 1.6759519 0.5960915 0.9448189
379 1.1696015 1.2145504 1.791548
380 11.543268 11.841426 16.832896
381 0.1932293 2.5974672 1.9425726
382 46.916278 97.536519 88.384581
383 5.7917383 8.0450275 8.88460066
384 2.8591674 12.172414 11.277331
385 2.6068782 7.173396 8.255747
386 4.5221899 3.5308967 4.9249835
387 8.86262 0.9556623 1.9441564
388 13.223547 10.431241 13.310368
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389 41.065452 64.212575 69.975689
390 15.589547 12.570038 16.824251
391 4.6715882 1.7161879 3.9011617
392 2.8494571 1.7162685 2.1739344
393 15.717174 1.8507524 4.0041604
394 7.4886413 4.4379672 5.9005546
395 1.3867827 4.0338318 4.1299687
396 11.635716 21.058319 24.11458
397 4.5175592 6.7735202 6.823576
398 3.3298279 0.9611867 1.4155914
399 4.2272837 2.3060021 2.8666309
400 5.0743601 0.8460733 1.6156081
401 1.8787312 3.6818132 4.2369405
402 67.549906 8.4563 16.810271
403 5.9784954 2.3656085 4.3017101
404 5.261273 3.2871258 3.9059681
405 2.4181155 6.6637033 6.0225014
406 17.260151 1.2653246 2.6892065
407 1.0916869 3.1999061 2.9218344
408 7.9917157 1.1583699 3.1064622
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409 4.9795044 8.6289419 10.856816
410 3.824313 5.5598606 6.9567667
411 37.417356 79.645833 75.012232
412 1.9755643 1.3172598 1.7561086
413 39.013474 36.105829 48.258604
414 0.0500647 11.736217 4.7913884
415 15.585962 32.516372 31.551348
416 70.984693 87.15871 88.530408
417 11.162203 14.630021 16.895469
418 4.6851827 4.2245549 6.6767754
419 0.3778088 0.6994515 0.8255764
420 0.2627459 1.6898702 1.2913359
421 0.3361221 1.0770876 1.3473599
422 10.65688 8.0336725 10.617776
423 3.0323181 1.8267428 3.2480722
424 11.385298 8.1986594 10.246472
425 8.6503864 5.4282761 11.455949
426 5.2358417 6.6936089 7.9100875
427 38.139548 29.515892 44.081016
428 13.140983 13.117204 20.377036
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429 0.4380517 0.0200331 0.064274
430 1.6055961 0.8031289 1.4134081
431 6.2253097 1.7578574 2.720561
432 8.7497944 1.7008365 4.3482765
433 2.0162139 1.5768216 2.4099476
434 15.226828 13.497589 15.297939
435 35.145207 31.790368 35.423605
436 4.1785384 7.0940945 6.8936083
437 22.309572 22.832256 28.056786
438 13.04233 7.4465199 12.372679
439 10.099371 11.130993 11.324202
440 1.247567 0.2807605 0.622018
441 42.862787 44.993721 50.555994
442 39.805078 44955916 46.553801
443 54.477332 39.135027 43.705568
445 10.259812 1.1899671 2.7060636
446 9.7088864 4.3201828 6.2197441
447 5.345733 8.832931 11.068063
448 20.407608 5.7574817 10.654198
449 10.110335 4.0387958 5.4336145
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450 8.3224992 0.762654 1.9224483
451 11.771122 10.369536 16.763601
452 0.4259835 0.980439 1.2193251
453 1.2006151 0.8390575 1.2453364
454 8.7000925 9.4871617 12.913312
455 55.66016 25.645305 36.02926
456 2.7890727 6.1261945 6.0543761
457 7.1114638 16.053193 16.492005
458 3.1533268 2.9042037 3.9147565
459 10.754142 8.8043789 10.297206
460 0.1366483 3.3382863 2.2536204
461 6.6205557 8.0921124 10.504968
462 53.070189 50.103038 56.254103
463 8.4968141 5.6916134 9.0301079
464 2.380943 0.6990609 1.4449962
465 17.515905 32.85752 34.522298
466 0.3640498 2.097465 2.2212524
467 0.4459029 0.6055432 0.6904051
468 1.8488865 0.2465173 0.6914031
469 7.4096276 10.027247 10.191076
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470 3.9105114 3.7791929 4.2713472
471 6.5240139 4.3195969 8.4757024
472 2.2744427 4.0358048 4.5561268
473 5.2571419 25.61628 25.17736
474 7.608393 0.2384903 0.6527463
475 3.5574579 2.991386 3.4794539
476 37.20338 20.718217 29.530411
477 4.9632424 1.5544329 2.6635068
478 12.221972 15.082789 19.228667
479 6.3878912 2.9803067 7.7783137
480 1.2363428 0.9051926 1.4374472
481 16.177137 109.90891 91.572131
482 4.2715718 4.6942605 6.8331471
483 7.8932597 14.57138 26.624588
484 2.1817622 7.4938596 7.5253401
485 1.053272 5.9795832 5.2628218
486 1.1438394 1.8767679 1.7891236
487 14.652152 8.2279507 12.304024
488 9.6136494 4.7661085 6.0246595
489 3.9267828 0.0889388 0.2609534
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490 24.790961 34.448893 36.61383
491 2.9198149 1.3546976 2.671131
492 30.759857 12.351988 18.89991
493 0.3898377 0.1891527 0.279967
494 33.965818 2.1985154 6.0788384
495 5.7290032 8.9589885 8.621856
496 3.2788338 0.9784225 2.7196375
497 25.369278 42.151649 41.817141
498 17.130274 8.9569316 12.150442
499 2.694859 2.8324319 2.8839816
500 3.1668221 6.4850585 6.631099
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Data simulated for Cobb Douglas production function with Additive error term

(y=pB,X", X +u) when N=50

)(10‘85,)(315 X10.90’X20A20 XIO“,XZO'ZO

S/NO i Vs Vs

1 0.8966972 4.3207465 4.499777
2 3.9726084 5.3683955 9.541888
3 8.7719229 8.0438458 8.174889
4 7.4586476 9.2511609 5.519408
5 11.136143 3.5230401 9.104479
6 2.8350893 10.565485 10.208403
7 10.305206 10.95307 2.425848
8 11.852526 8.0158034 6.77906
9 7.3343574 9.6713662 8.628992
10 8.2455079 0.8877123 8.400322
11 1.588322 5.9547049 9.989974
12 3.8516867 2.4258874 7.188984
13 1.9176462 9.846467 9.910242
14 9.5847612 5.1145804 7.660345
15 4.8229733 10.134784 14.320189
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16 11.502734 6.2938691 10.636405
17 5.3397861 7.7974488 3.045382
18 10.495471 15.584288 11.840067
19 14.562114 3.9818841 10.717949
20 4.6128079 13.817292 4.772213
21 11.890113 11.845421 5.478017
22 12.299618 2.878068 1.419639
23 3.2623095 8.8654988 4.926368
24 8.7729844 0.9268447 3.462777
25 2.8449491 2.6896661 5.557128
26 5.4723625 6.5177116 12.522336
27 6.7107981 -0.143002 9.418289
28 0.2575361 5.2317551 11.147447
29 4.8407118 12.653156 8.942384
31 11.389897 5.0511846 11.820918
32 5.1678998 6.015916 9.4357
33 8.3738368 8.7099307 7.065697
34 10.001504 7.7925287 4.790747
35 6.9538724 1.1162917 5.61649
36 2.6123096 12.557268 6.976163

214




37 11.827448 7.9192591 7.187584
38 9.3806663 12.450812 11.245944
39 11.441905 1.0232744 3.884956
40 2.9045531 8.8365619 10.267793
41 9.8771973 4.83863 4.446689
42 6.5660554 8.8955361 2.524445
43 9.3641412 6.9624688 9.536695
44 6.7839988 12.175524 3.582742
45 10.519435 9.2725076 11.183721
46 9.4847389 9.6411865 7.959757
47 8.5385888 12.145254 5.104881
48 11.575987 -0.841191 1.293563
49 2.0024741 5.8761575 3.416269
50 7.226486 9.6423706 6.413726
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Data simulated for Cobb Douglas production function with Additive error term

(y=ﬂoX1ﬂl,Xzﬂz +u) when N=100

X085y 015 X090 x020 X055 020
S/NO i Vs Vs

1 13.46119 3.5576842 5.1387725
2 3.7832448 5.0460725 11.920859
3 49223332 6.0824528 7.4307608
4 7.7236504 13.89276 7.505435
5 12.675693 2.5861237 11.021413
6 4.1685796 11.766603 9.8079649
7 9.5799268 10.183739 2.6080082
8 12.141618 9.8239152 4.0136301
9 8.9416475 10.113653 6.4928319
10 11.675242 2.7871315 9.8211808
11 0.8904593 2.9653095 7.7390342
12 2.9294835 2.4974901 6.287206
13 3.3033239 10.13856 7.0942505
14 9.3679112 4.7083286 9.3541524
15 4.1827599 7.8841152 12.774903
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16 10.072881 2.9697284 12.146803
17 3.2054623 10.087005 3.5121523
18 11.095271 9.175362 11.445432
19 11.090583 5.8380476 11.300655
20 5.9776546 10.760817 5.788605
21 11.207764 13.586498 3.9660972
22 14.343594 4.5721377 1.3315278
23 2.5453533 8.6111427 4.3636393
24 8.5463386 1.4530187 2.0385558
25 0.8630849 4.2233852 6.1247306
26 6.2639893 6.1517598 10.586457
27 7.4317559 0.1967795 10.442467
28 0.6095011 4.5730731 11.724108
29 4.0005323 9.1665428 8.3749306
31 10.672789 4.802343 11.698749
32 7.0640949 7.0234237 7.4100526
33 6.9489911 5.0802194 7.2539349
34 7.4091219 4.6074318 5.5259155
35 4.0151285 1.5065997 5.5281218
36 4.0530924 12.768616 6.1809365
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37 11.671531 7.8828092 4.327848
38 8.6293696 10.558903 11.266126
39 10.351038 1.2506969 2.9270327
40 1.1835531 10.526714 8.3706197
41 10.458872 5.8304725 4.0426087
42 7.1083052 9.7223909 4.7433107
43 12.046991 10.334455 8.8278211
44 9.2765325 7.3730855 3.5359929
45 8.7418543 6.2499747 10.035962
46 6.3838151 6.833127 9.2284858
47 7.5683915 9.5952247 5.6319207
48 9.7727488 2.4468373 0.685704
49 0.0253483 7.2880802 2.6971028
50 8.1273791 5.9338518 8.4605721
51 7.0278352 8.8296492 10.59849
52 12.212368 7.4484471 4.2495654
53 6.1291244 11.64645 6.6542274
54 12.004737 5.3952046 14.018726
55 8.6642217 2.6786004 13.377752
56 4.917894 -0.2843 13.682352
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57 1.1697896 0.259775 11.772418
58 0.7662318 5.6875169 7.0661017
59 5.7081128 4.330924 3.0681363
60 5.811473 6.6249571 2.1688492
61 8.3422624 6.7683919 6.4845448
62 5.8546678 11.174072 12.395601
63 11.009135 4.6304668 3.0325706
64 7.8642299 7.3926781 12.132214
65 8.5370468 6.1830223 4.9952545
66 6.4460219 9.3163543 13.933298
67 10.929216 5.9196633 7.3519894
68 3.6105215 4.2015113 13.646623
69 6.1916602 8.06386 6.6550506
70 9.8065672 1.3726672 8.1482076
71 0.736756 10.915984 4.1338367
72 13.264616 7.4754757 11.533602
73 4.6529579 12.482406 8.5847217
74 12.300049 6.061529 13.199145
75 5.3405127 4.5542731 13.882236
76 4.1805139 6.0090088 7.0837866
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77 7.5074411 13.206078 10.404459
78 11.866655 12.835972 6.512291
79 12.199982 8.128818 2.7661574
80 5.8668918 11.842382 8.382069
81 9.840291 15.38321 10.397296
82 14.205973 4.315128 10.35798
83 5.7167873 8.9259082 8.6506953
84 8.1820177 6.6389738 6.4554362
85 7.7417165 3.292474 0.7166338
86 5.7428091 11.895414 11.449691
87 11.519203 2.3976288 10.839801
88 3.1656057 11.906647 4.0458759
89 10.032363 1.3466012 7.6227387
90 2.1841038 3.7585764 11.70553
91 5.6087305 1.3882182 11.592486
92 2.6116239 3.69674 -0.611651
93 4.3938205 1.3733977 5.5410925
94 3.1979861 5.6333241 8.0232405
95 6.5947126 13.949632 12.942234
96 14.216911 8.1000115 15.689688
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97 11.829223 9.9625884 3.9347892
98 10.368958 6.1956049 7.0669086
99 5.5389914 5.4792422 6.6520863
100 6.4604678 10.288928 3.1206996
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Data simulated for Cobb Douglas production function with Additive error term

(y=ﬂoX1ﬂl,Xzﬂz +u) when N=150

X085y 015 X090 x020 X055 020
S/NO i Vs Vs

1 14.847245 4.5757855 3.2356375
2 3.2055972 5.463023 12.192481
3 5.8337199 6.9548841 8.4098209
4 10.275841 10.811576 6.9457162
5 13.164519 1.6039889 11.19819
6 3.214875 8.6004789 9.0729433
7 9.730188 13.549926 3.0160475
8 13.574627 5.5373617 3.8522904
9 7.1430996 6.2659067 7.9644322
10 7.972728 2.7676443 9.2867396
11 1.4335009 3.2397777 8.981218
12 2.7546776 2.8421344 9.604278
13 6.0371528 10.163445 9.5325432
14 11.339705 6.9191286 11.669377
15 7.1870369 10.936823 14.949836
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16 12.496096 8.9138648 13.451368
17 6.7169286 6.1625517 4.7584015
18 8.3732055 10.544289 8.1085628
19 12.2971 5.7419697 14.155283
20 5.2707593 9.8320457 7.2035172
21 12.173385 15.179315 5.4048144
22 12.28729 3.69482 0.292803
23 3.6179433 10.347689 3.8958551
24 9.5685727 1.8439795 2.6095378
25 1.2864285 3.4360207 4.0761211
26 4.8254954 6.1960648 12.874969
27 5.0469912 1.070794 12.286928
28 0.152922 8.0225184 11.891883
29 5.760017 12.992436 6.4094696
31 10.964966 6.7793642 10.442685
32 5.839564 4.8568675 6.5801957
33 6.2824022 7.7832757 5.7344183
34 6.9847567 7.9754883 4.0029952
35 9.0639648 1.4133444 6.5700223
36 3.7749694 12.84152 4.6479287
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37 12.429182 7.323705 5.7393803
38 8.4539485 12.998945 12.254151
39 11.093361 1.1305196 4.5589064
40 1.9529994 10.653085 11.140164
41 12.398794 5.0512568 4.1432483
42 6.4231391 11.556712 4.5215456
43 12.215127 8.7948761 11.852149
44 11.017061 6.8749884 4.6960099
45 7.9325194 9.5002672 10.316675
46 9.9250648 5.3709386 10.767876
47 9.024041 9.8636985 4.1596153
48 10.271954 1.7691 2.0769761
49 0.4594713 6.4289784 3.1866256
50 7.4028476 9.4234154 4.9352113
51 9.2017717 9.8833718 10.05762
52 9.5376377 6.3350059 4.1632623
53 5.6714639 11.363567 5.6445241
54 11.786457 7.8407425 12.815926
55 7.330182 2.9196035 11.787656
56 4.4997892 -1.303331 12.664938
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57 2.7783283 4.1456782 13.701774
58 1.5459349 5.4118207 7.0955066
59 5.9889753 6.0581603 6.9258434
60 6.2546204 7.8686485 2.3475759
61 8.1115901 6.7586717 2.7422687
62 7.5712198 13.545817 12.177352
63 13.836889 3.5626387 1.1840523
64 2.6816294 6.6516979 12.839582
65 7.1931481 4.1370891 2.2370159
66 7.3298914 10.779455 8.1431549
67 11.276899 5.0221548 6.2822136
68 2.5172863 6.7796628 10.601863
69 7.6099122 10.43919 9.1282453
70 12.725126 2.2453951 8.7794659
71 0.1941893 10.678691 3.4612911
72 12.801915 2.6036113 10.78576
73 4.3526839 8.9437792 13.852786
74 10.147916 3.9791336 11.22514
75 4.949386 4.5425738 14.236063
76 6.9116988 6.4179851 7.7364216
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77 6.4162882 13.638567 12.115484
78 12.164921 9.6989275 4.2844645
79 10.018496 1.8735026 3.0696456
80 4.6581134 10.239578 11.297442
81 12.852466 14.280936 11.286525
82 12.642729 4.7493806 9.6129725
83 6.2422135 4.4791323 9.6823426
84 8.1469632 4.76242 7.5977588
85 7.4824972 5.5510114 -1.055946
86 4.4087761 9.6130954 12.724256
87 10.777644 3.2128859 12.912736
88 5.3503297 10.806399 4.057143
89 10.356594 0.8164903 7.0523079
90 1.5859733 4.6755744 10.454837
91 3.843624 2.2225305 12.829477
92 3.0557063 3.9803211 0.2824201
93 2.7159798 2.085735 7.3610286
94 2.8599367 10.10655 8.484392
95 10.157475 8.1430561 10.136383
96 7.1055365 11.21032 14.023592

226




97 9.523792 6.961343 5.8824839
98 11.344571 5.6922433 5.7514128
99 5.7910742 4.2343103 7.3962152
100 5.0919824 10.468384 5.2640747
101 11.214556 10.450783 13.613381
102 8.1020464 9.8397946 9.5384223
103 10.53786 6.2051221 10.899235
105 6.5504951 3.9044557 5.2272769
106 6.2796008 13.22239 10.405167
107 14.853996 9.3016344 10.690546
108 9.2109917 3.5414487 7.3023259
109 2.8086393 -0.601974 -0.671156
110 2.7452787 7.2902513 6.8559222
111 6.3294317 11.84406 2.7998687
112 12.202353 8.9019699 4.8301111
113 9.9547695 13.849192 8.6994319
114 13.888252 8.6117866 3.59378
115 8.5486625 4.3075637 3.5225776
116 6.6167206 7.56868 3.6374845
117 7.7855428 4.2269473 14.32621

227




118 5.3147064 0.4811495 10.256524
119 -1.603099 5.9918427 7.917779
120 6.8907555 0.6469971 8.9367261
121 0.3715695 6.2649194 5.1720918
122 6.6123644 6.1004228 8.3192406
123 8.1771109 8.2851585 6.2626057
124 11.523428 5.5137075 12.445547
125 5.4801309 5.5910579 12.660512
126 5.8117161 4.8222075 6.486351
127 2.2848629 9.3010188 7.6980432
128 10.473262 6.428141 7.9806963
129 6.1669825 3.9603575 8.1765109
130 8.2351928 3.330045 6.0174004
131 2.7515979 2.1123803 11.68172
132 2.18197 9.8529658 4.9810647
133 10.239197 4.8492998 5.1648311
134 4.3608596 0.9067061 4.3916881
135 2.1594726 2.0498153 1.9908326
136 1.3762797 7.5727265 5.3924877
137 9.2557505 7.0633338 11.730061

228




138 10.65453 5.3603332 7.4431474
139 6.9986578 6.4361451 4.6030326
140 6.42543 6.7390844 3.7670341
141 6.6313894 10.30755 11.532682
142 10.701199 7.032025 8.6107906
143 7.3580741 7.5151478 9.5173825
144 10.313455 6.7028208 6.033268
145 5.3739857 4.3634156 7.6636228
146 4.2152024 2.1195365 13.106558
147 4.082637 11.634487 12.31713
148 10.908517 6.9404957 6.1799649
149 6.5215478 2.7352252 10.278628
150 2.8026774 8.4880007 14.206631

229




Data simulated for Cobb Douglas production function with Additive error term

(y=p,X", X% +u) when N=250

7=-0.5 =0 =05

S/NO » Vs Vs

1 11.955613 4.4429762 3.221818
2 5.1559407 6.4840104 12.004102
3 6.8285578 7.7443784 7.7025689
4 10.217185 12.186199 5.9741445
5 13.847779 3.7676699 10.660271
6 3.5325967 9.8868106 10.352296
7 9.7357338 8.377435 0.566381
8 12.198581 9.561267 5.5034672
9 8.614278 8.489162 10.267083
10 8.8299963 0.7826231 8.875112
11 1.7458699 4.1307224 11.079624
12 4.1045028 2.1142112 10.272251
13 1.7572247 7.9982117 8.6540703
14 10.45972 6.9017583 9.0730656
15 7.1188417 12.764915 13.869009
16 13.897166 5.8531224 11.542247

230




17 4.4362279 6.0083978 1.7767712
18 6.9089895 12.886596 9.2639344
19 12.566473 5.376763 12.889
20 5.7144082 7.4464118 6.3219597
21 9.5905167 7.8409022 3.1828702
22 11.040445 2.779799 0.8111281
23 2.4363752 7.5633852 3.5366336
24 7.8228888 4.2738893 4.4535244
25 1.6623332 3.7477736 3.8848403
26 4.6967873 5.7104694 11.590209
27 5.3982411 -2.053485 7.8695501
28 1.6312948 5.2283717 9.806559
29 4.8291732 10.093618 8.9471168
31 10.274407 6.3174513 9.3565915
32 6.7226569 4.1971125 5.8229762
33 3.6001124 7.9207985 3.6300874
34 9.4388759 9.0690627 0.4732231
35 8.5879308 2.0118723 8.2762265
36 3.4695631 6.3090313 6.3559617
37 9.819852 6.0301922 5.1652785

231




38 7.7131564 9.0476946 13.949133
39 9.0880177 2.3381509 5.5049052
40 1.7726535 7.9147888 11.593852
41 8.1804286 5.9918037 4.2416755
42 6.2565597 8.9411877 6.8657238
43 11.785081 7.1320877 11.302905
44 5.8334033 12.23438 2.7455856
45 11.935234 5.6122852 10.117399
46 7.7372124 9.1697817 8.2795409
47 8.4432838 11.362976 6.1849361
48 10.885288 1.0866026 1.5679859
49 0.8253707 5.9899632 4.5970553
50 6.1929156 6.1849611 6.3338694
51 7.3412219 10.316682 12.135281
52 10.73461 8.021549 2.807503
53 9.0104073 7.1393069 5.3889284
54 9.9527911 8.1657881 12.962265
55 8.6444787 3.237641 13.85497
56 3.7693645 2.7899647 11.334279
57 0.1173028 3.3881681 16.684515

232




58 1.7106584 3.844985 7.6882383
59 4.4434908 8.5385536 5.376658
60 8.0844565 5.0279804 3.946307
61 6.6534003 5.8829799 5.6586352
62 4.5107821 10.384637 12.40239
63 9.5515422 3.6827401 2.1795947
64 3.0401986 6.7366126 12.579633
65 7.8493538 4.5565977 0.9781756
66 5.9435222 7.7912984 8.705196
67 10.082248 4.9194719 6.69974
68 3.938079 4.2144976 8.8198702
69 6.4688696 9.4691949 9.2413168
70 9.757553 0.3141832 8.2665388
71 0.3080632 12.605265 3.025371
72 12.916585 6.5302942 9.2979648
73 5.106807 11.651324 10.834773
74 10.022394 5.6416203 13.289958
75 4.5676648 3.7130902 12.159792
76 6.9884014 7.9401161 11.610869
77 9.3730805 13.864478 9.4653456

233




78 14.524506 12.266357 3.62064
79 12.571745 6.289772 4.2231498
80 5.1838745 8.3239203 12.929843
81 10.160415 14.381584 11.194954
82 15.031072 6.739789 10.358983
83 8.2099858 7.0837553 9.8071832
84 9.6713878 5.1053637 8.3655687
85 6.2206853 6.6020653 -0.417449
86 4.7544227 6.6607813 11.413698
87 8.5062556 3.6460996 14.740408
88 3.3748469 10.323098 5.4570782
89 10.002425 1.5598215 7.8104167
90 1.6940017 3.4507497 11.260918
91 3.0335784 2.0650433 9.6368326
92 2.2710288 4.8773037 0.6137367
93 5.2125084 -0.234087 7.7510017
94 1.0810023 9.1560323 8.4975172
95 9.4070626 10.710686 12.307251
96 11.429089 8.8126314 12.902773
97 12.838996 8.0013839 5.4401151

234




98 10.181155 7.2666703 6.3030129
99 7.1093572 4.5367655 5.9188012
100 5.5478902 10.979758 4.8038415
101 9.8458115 10.835849 11.535838
102 9.2581228 10.343349 9.9744409
103 10.678881 4.0678513 9.5132136
105 4.5566883 4.7816458 5.7479384
106 3.3045949 12.324865 12.247108
107 13.157326 11.486085 6.979016
108 10.706565 3.4958223 6.5385995
109 3.2617423 1.1300687 -0.773551
110 3.3555024 4.5291318 9.4747245
111 5.3348754 11.719359 2.5216657
112 12.723686 7.9404434 7.4428544
113 9.3958458 6.8315614 7.5048182
114 10.803195 10.404795 2.456859
115 10.298989 5.0895409 1.4255101
116 7.1226622 5.0150352 3.2005949
117 6.2528537 2.2495819 14.331911
118 1.1034281 0.9042856 10.707823

235




119 0.4870793 7.2204212 11.691678
120 5.9548797 2.3780704 10.717559
121 1.5328414 6.1823023 6.7408738
122 8.1137353 7.2468742 7.344571
123 7.4283768 12.228704 11.414045
124 13.262448 7.3847935 8.8484195
125 6.9671405 6.8733442 8.520822
126 7.7089856 2.2424381 4.1955766
127 3.6911676 7.4491871 9.9234792
128 9.8783077 6.1867584 9.3851891
129 8.0245561 6.7118652 10.383614
130 6.0586391 3.3930906 6.1058365
131 2.9868752 2.6483093 12.150276
132 2.5461966 9.9340681 6.6775358
133 8.556794 8.459936 4.4653668
134 7.2529444 2.44359 6.9581015
135 0.7383892 -0.239066 5.4906957
136 -0.148973 10.198334 4.3700493
137 10.87361 11.63338 12.83775
138 11.86289 7.0477281 9.4475932

236




139 8.7434433 6.3891265 2.8484604
140 11.530057 8.4542587 1.0593316
141 8.2713907 7.6719835 9.6977064
142 11.37068 7.2769261 6.9117441
143 11.649041 8.5784235 6.2092657
144 8.6977976 7.0555097 6.2825462
145 7.209656 5.1625131 10.418396
146 3.4175522 4.1774695 13.386818
147 3.7385149 7.6647414 12.750691
148 6.9819949 5.02683 3.988905
149 4.9546968 4.4702709 7.042822
150 2.8002106 9.1796081 12.214175
151 10.144461 0.8856043 8.5492913
152 1.92825 9.8428556 4.9034663
153 9.560195 9.9790347 11.023177
154 7.4970604 8.2189005 4.6456481
155 7.7431111 4.8576864 13.397831
156 6.246121 6.8091513 6.499111
157 9.1477935 7.5357593 10.784377
158 6.399741 2.64168 5.9912488

237




159 3.0534213 6.5738753 5.0573026
160 9.2797409 1.0962384 3.3877575
161 1.7202024 3.3686327 8.9346393
162 3.9563864 2.9815076 3.3257511
163 4.5615617 4.4493165 13.953503
164 5.2891264 11.703634 8.9268081
165 12.613354 7.97077 4.388348
166 5.4314342 10.678101 14.091712
167 11.388769 11.969889 12.061164
168 13.384439 6.3587877 11.000281
169 7.6707396 2.112573 10.913948
170 2.0686046 4.1841547 3.794324
171 5.1620489 8.9957367 9.005651
172 11.930733 7.13824 8.7124204
173 5.8020672 9.8180037 8.8114392
174 7.8381299 10.523898 3.0139513
175 11.689665 11.948774 8.428166
176 12.195199 2.6114997 13.304654
177 5.4184951 5.649432 4.9159335
178 5.2421069 12.951512 7.8159087

238




179 12.580893 4.5355044 8.5032093
180 9.1976888 10.515935 10.023366
181 9.7094583 8.5751038 6.5883538
182 10.118291 12.656728 8.4363971
183 12.76966 2.8811475 4.1629706
184 4.6130992 2.5034687 4.1361847
185 0.6639975 9.5510961 5.2167256
186 11.445195 7.1183339 4.9349261
187 7.9602335 9.0866641 5.1720301
188 8.1420103 3.0088724 6.9928961
189 5.4628446 11.898552 13.418604
190 10.570041 6.1911928 3.378755
191 5.0445814 11.657635 7.3843626
192 12.685355 9.2275599 6.6448788
193 11.23203 5.4120718 8.6004175
194 8.5676928 6.7916156 12.79216
195 6.8712674 1.6391536 8.274868
196 2.7131993 13.547461 8.4447998
197 13.523234 3.8985321 10.065806
198 3.7664361 4.8538224 6.687484

239




199 6.9185557 0.3222043 11.240928
200 -0.240937 12.253445 10.75829
201 11.647409 3.7582536 7.8921326
202 2.357046 4.7279828 7.5432796
203 7.1875705 5.5067462 12.241965
204 5.5921215 2.6392841 10.628189
205 2.7608296 6.0357722 6.9576316
206 5.8353581 1.6729618 7.3641161
207 2.6903034 0.3455979 13.111699
208 0.5493757 7.6954814 6.7695899
209 8.8649403 8.5226063 11.843581
210 6.9741643 0.2733234 10.160134
211 2.4829247 2.9789619 16.011252
212 4.9522431 6.9787067 1.6900775
213 8.7117091 9.6086423 9.377664
214 12.935579 3.7948628 9.0930483
215 0.1372196 4.6164176 8.6884047
216 5.5940863 12.7345 3.91371
217 12.122861 9.5807294 3.5599299
218 10.163604 5.4154976 14.130586

240




219 6.9121705 8.8093984 3.42472
220 9.2795487 10.6258 4.0287103
221 11.652231 13.871915 11.163996
222 12.79697 6.3581632 13.033323
223 5.1811449 3.0414463 7.0314229
224 5.6947149 1.3249663 10.236417
225 3.0037516 4.9477449 5.0833632
226 5.2310614 7.2453049 7.1628853
227 8.0662407 10.45753 7.7670306
228 11.090026 4.843417 10.128478
229 5.9202025 4.6621271 14.7752
230 6.5054625 1.0358475 2.1274168
231 0.3392033 7.142878 2.8574367
232 5.5483007 12.061808 6.0166024
233 10.078819 5.1235276 6.2351719
234 5.7127271 0.5175327 9.8149015
235 2.3387462 5.4806626 10.40701
236 5.6441364 9.4470219 11.783149
237 11.306881 8.1323917 10.881732
238 6.8434976 11.801206 8.7608026

241




238 9.9638773 7.5312109 11.93949
240 10.329606 1.4607117 5.3330961
241 2.0317246 4.85876 7.7039948
242 7.4587874 54331541 8.3099422
243 6.5037515 1.3369815 4.1673243
244 2.1164518 11.333884 8.0922157
245 9.0727932 9.8975376 9.7418584
246 11.463955 1.9222446 4.2799361
247 1.7400358 9.4674085 10.811973
248 6.258933 2.0554017 8.2886246
249 3.4012725 6.2310809 5.226234
250 5.6118115 1.0278472 13.303665

242




Data simulated for Cobb Douglas production function with Additive error term

(y=ﬂoX1ﬂl,sz +u) when N=500

X055y 013 X0 30 X055 x 020
S/NO » Vs Vs

1 8.2265999 4.1183305 1.7809383
2 4.9287276 5.4213729 9.2125252
3 7.8165196 7.1724638 8.0406144
4 7.0121708 12.682137 6.3462621
5 13.194004 4.0473878 10.068157
6 3.8343672 15.130942 10.186626
7 13.659995 10.505015 2.4321244
8 15.026851 9.7501816 5.5979113
9 11.549798 10.507584 9.982531
10 9.1671 -0.034842 9.5637239
11 0.6550667 0.9939155 9.3426894
12 4.7515459 1.7691265 49513119
13 4.0716777 3.1194057 5.7764411
14 6.0161454 5.9971656 8.4628706
15 5.7364868 10.685623 11.426162

243




16 11.963178 5.9585027 10.837229
17 6.3713587 9.7741265 4.2153828
18 12.445933 13.547925 11.319134
19 12.734128 4.680895 8.1983531
20 5.627128 12.120746 7.8420892
21 10.295669 12.859276 5.3112871
22 12.788695 3.7594919 1.0586269
23 3.8175645 7.378794 3.221526
24 8.6658921 1.7451215 3.4823307
25 1.3906192 3.737203 4.398281
26 5.7887649 4.5911705 11.116296
27 6.6935829 0.151777 9.7006147
28 1.6899661 7.1554996 12.290436
29 5.3754518 13.795084 9.7901768
31 12.988807 5.8225244 8.8975905
32 4.591621 5.8457971 6.1652516
33 8.9253601 5.8438498 6.4774918
34 4.7394047 6.4686789 2.5537602
35 8.4638626 2.1057047 8.9501415
36 1.9745588 9.8797349 4.7614258

244




37 9.1626105 4.7996554 6.7798719
38 3.7739019 10.297855 12.436414
39 10.378281 2.9090207 4.1164823
40 1.9353124 8.5023871 9.9999504
41 6.8443359 5.8240468 4.8508486
42 6.2758756 10.026788 5.1489545
43 10.699633 10.401376 11.346643
44 8.4510145 11.566283 5.0673264
45 12.328132 7.0645814 10.48484
46 6.4600616 7.4375918 7.3283015
47 6.6319545 7.8052554 4.559014
48 9.437292 -0.191102 2.425282
49 0.08914 6.8867967 2.2125812
50 7.6603476 7.8968869 5.9001618
51 10.68604 10.521453 10.999659
52 11.967085 8.0002114 5.2252441
53 7.177015 11.502323 5.7819946
54 10.98896 1.7806508 12.693601
55 4.1418781 3.749514 11.660386
56 4.2737255 2.8615008 11.377997

245




57 1.2218285 0.8071806 14.659361
58 2.3226826 0.9858077 9.7806877
59 4.4398858 5.3690087 5.6456481
60 5.4904038 9.4470667 1.7942898
61 10.891004 5.92055 4.9621456
62 7.5449341 11.480863 9.9439572
63 13.860783 3.302 2.5499453
64 4.875804 6.7065512 10.723802
65 7.8818649 4.6413841 5.1512216
66 5.4754523 9.3883395 6.3120201
67 9.821664 5.2187623 4.2930853
68 3.264324 5.5686173 11.362467
69 6.2410004 10.650636 8.4234199
70 10.272139 0.6295401 8.2059206
71 1.9250063 14.091569 2.2060584
72 13.109165 2.9259673 9.2725321
73 3.9798978 11.6136 10.661175
74 10.365424 5.194187 14.336752
75 5.0180564 3.0172567 15.699648
76 3.5453037 8.2581487 9.3117399

246




77 6.5037336 12.88792 7.725521
78 10.950715 12.710337 4.6681566
79 13.574128 7.3980057 5.4512802
80 5.2129525 9.5922416 11.146653
81 11.039508 12.446905 12.636539
82 13.556871 4.361967 11.86949
83 5.7314353 11.108586 12.645479
84 10.713168 7.6113007 6.3332307
85 6.1356576 4.4750005 -0.479518
86 2.8941681 11.018509 12.070869
87 9.8633057 3.8703926 11.233732
88 4.1004957 6.4624013 3.7475928
89 7.5318287 2.4521496 7.6368444
90 0.8311154 4.5814138 10.713514
91 5.3258959 1.6757725 10.86106
92 0.9921911 3.3905139 -0.120708
93 3.6740319 0.7493146 4.7807903
94 0.805704 10.971274 6.8201635
95 8.9770384 11.18964 5.423685
96 12.861405 9.4274633 12.799804

247




97 10.290705 11.987016 5.7827968
98 13.114156 5.5628855 6.6308114
99 7.2505627 5.4065336 5.9599965
100 8.0273667 11.139404 4.2768533
101 11.499591 7.3720372 12.684046
102 6.9936983 9.4921448 8.5673235
103 10.795041 7.2952331 11.170092
105 6.5736058 3.6792635 3.6537127
106 4.7281315 14.609558 13.16359
107 15.351564 9.7606674 7.0736881
108 10.596643 2.5768829 4.6551499
109 4.6486742 0.4340839 -0.410175
110 1.6731658 6.1851807 5.671314
111 8.5506518 15.832897 2.5016057
112 12.156862 6.2641139 7.2552527
113 5.0528349 14.645571 7.4014789
114 13.255942 9.4926416 2.3105609
115 10.720663 4.8453601 4.0952465
116 4.5754483 4.8218813 5.1388402
117 6.307259 5.1917491 11.331196

248




118 2.8976236 -0.170974 7.7171596
119 -0.155496 7.3238374 11.68558
120 6.4297164 -0.226678 12.244899
121 3.0186833 6.3611695 3.3319775
122 6.9671107 5.4210371 8.1125878
123 7.2170667 14.163724 10.4698
124 14.546323 4.0641352 12.435521
125 6.0175845 8.6890705 12.022418
126 7.8879722 3.8449573 4.6292438
127 3.3252479 9.9897818 10.78249
128 8.4708022 5.5978051 5.4038611
129 5.9791591 6.9582073 6.3336385
130 8.2135455 3.0803571 8.3285043
131 2.7759898 3.120764 10.588456
132 3.8557419 10.654039 4.5787492
133 8.1376531 7.6100852 3.8722309
134 9.844113 0.713699 5.988563
135 2.0573926 -0.140742 6.6572646
136 0.4689298 9.7252741 5.0822356
137 11.570201 10.398419 9.2600968

249




138 11.991836 6.7971063 8.3508661
139 7.86031 6.3156227 2.8365727
140 7.5758585 5.3343148 3.1097992
141 6.2234864 12.764086 9.9945037
142 14.858222 8.0763949 8.5709323
143 9.4010084 7.9961711 8.9423777
144 10.927004 7.1299044 6.3945078
145 8.7852486 4.7905247 11.930381
146 3.7542522 2.5610174 11.866832
147 4.1969835 10.740615 11.119189
148 10.767396 3.8580492 3.3231297
149 7.3874831 2.4062545 10.890349
150 1.9760211 9.3446801 8.9013127
151 11.474508 1.5055754 9.7211309
152 2.0829396 12.746962 5.9088494
153 11.101741 9.010935 10.243305
154 8.35908 7.7399978 3.0472768
155 10.857043 6.3277283 9.5672441
156 5.7096966 4.6715089 5.8074364
157 6.6914188 7.4375476 9.6540095

250




158 7.4914135 -0.928844 4.8887021
159 2.3015579 6.0996186 4.3100457
160 7.2711086 1.8247877 1.2404519
161 2.3176574 3.3880292 6.9084534
162 3.8560029 4.3248354 3.2664848
163 3.7976647 4.3049507 8.2113201
164 3.1898955 13.955956 10.248195
165 12.770134 3.266775 5.3161724
166 5.4415021 9.9419932 11.443346
167 9.8662531 9.1139308 11.025662
168 12.553936 5.7648851 13.235263
169 7.7122354 -0.101 11.508973
170 1.4165458 4.7541185 2.9278319
171 4.9232927 9.2574182 12.38646
172 11.154943 7.4025222 9.0807824
173 5.0307258 8.2361331 7.9616747
174 8.8036896 12.448573 3.6554195
175 10.58817 12.032691 9.3693976
176 11.802767 4.2160392 10.788696
177 54271115 6.0494597 2.806489

251




178 6.3211392 9.9841168 10.146502
179 11.04617 7.1879686 11.258339
180 8.5907634 6.8048252 11.607517
181 8.6499588 7.7056618 3.7981907
182 6.8759705 9.5848399 9.670978
183 12.762811 5.8046642 4.8301135
184 6.4200713 2.0203844 6.0823886
185 1.736091 9.3477684 5.1143089
186 9.6376857 7.2260717 4.0938146
187 7.2040225 10.958178 7.4766148
188 12.588111 2.4962714 5.9674881
189 2.1160184 9.00848 12.622637
190 9.9007753 10.422357 3.344859
191 10.818876 7411116 6.0516622
192 8.3239649 7.5381916 7.3422131
193 9.1077401 7.5862171 8.6621339
194 8.0205804 5.5223391 11.205055
195 5.4237314 -0.137958 5.875665
196 1.628776 11.891111 9.8582426
197 14.186746 4.5211363 12.406364

252




198 4.578841 8.4583052 9.500104
199 8.1041521 -0.4742 12.680374
200 3.8579207 9.5565284 13.46936
201 9.3151986 5.971552 8.0077377
202 6.7683666 10.058054 7.1840439
203 11.47093 3.8044128 5.8122033
204 5.2163618 5.710925 12.94065
205 3.7450419 7.7297623 7.3017037
206 9.0851637 4.2405844 10.008134
207 2.9911073 1.8323911 12.133504
208 2.3014582 3.5805763 8.154127
209 5.5556263 6.0065976 10.394393
210 8.2454891 1.6725645 10.339419
211 2.4969318 5.7154739 13.246343
212 4.3875383 12.155186 1.4960358
213 10.462941 15.142606 11.06595
214 14.291401 2.9226215 9.1912372
215 1.2316878 7.4628823 4.6154751
216 6.4867368 12.389296 0.969268
217 13.821614 10.293995 1.6041918

253




218 12.043473 1.9844337 14.458308
219 5.843736 4.6443628 5.4031713
220 5.771778 11.44632 1.8181275
221 10.737427 12.23025 9.2301053
222 14.173585 6.4832113 6.7016678
223 5.1181715 2.0342681 6.6403783
224 2.0270123 1.9067425 10.170166
225 3.4987636 7.0493559 7.4098051
226 4.9976895 7.5572037 10.416482
227 7.5712725 9.7155083 4.0830185
228 12.04293 8.0072313 12.858746
229 7.5505857 2.034615 9.7913199
230 5.1019599 1.7127606 0.093551
231 -0.180663 6.2860912 7.5107181
232 4.282728 6.8384843 8.9283279
233 9.0283032 4.9476869 8.3182212
234 5.6894818 3.0778827 7.4041748
235 2.0076459 4.7900434 8.5905769
236 5.7138366 4.4800613 9.89576
237 7.4816884 6.4357861 10.475619

254




238 5.3224478 7.9742455 10.741082
238 10.079509 9.2662485 8.8938879
240 8.0115765 8.3066414 5.9795847
241 8.7036643 5.4918912 5.1288561
242 4.8515862 4.4069816 9.1677051
243 5.3385251 1.9457434 2.7549843
244 2.9102192 6.772732 12.152327
245 8.3356454 13.767435 8.8532041
246 12.719304 2.6930678 3.7282009
247 2.9134838 3.985477 11.263333
248 6.7239312 1.7030622 5.2332602
249 2.4760373 7.0587946 6.9957505
250 6.8526998 1.538055 12.516612
251 3.070819 6.6944428 11.905629
252 6.8354874 14.926779 10.135084
253 13.366358 8.7559629 4.6933273
254 11.865954 12.958543 2.9985576
255 14.010463 5.5074723 9.4191245
256 6.934539 6.9853252 8.4683716
257 7.6917479 5.3518117 4.5024974

255




258 7.4575993 -0.569878 3.6265927
259 2.1621819 5.6383179 2.0438489
260 5.0480195 6.9555943 7.4762455
261 6.3512112 6.9412322 14.814081
262 6.2092028 11.359517 13.202615
263 12.354112 7.9609418 9.9821019
264 9.4109801 4.3100913 11.987887
265 6.2362483 3.3241729 8.3298173
266 5.909527 8.6978328 5.5757411
267 10.700011 7.9045322 12.368598
268 10.344493 3.7597322 9.6695625
269 1.9034572 1.7768525 1.4193319
270 -0.131185 12.207186 4.3118897
271 10.147305 9.646485 9.5940578
272 10.054669 1.722671 4.0672296
273 3.1754207 0.7229452 1.1693667
274 -1.44904 0.2971155 12.073698
275 3.3988794 3.7069234 13.552482
276 3.358201 4.4477106 11.200307
277 3.2563135 4.553443 1.6790194

256




278 5.4229143 1.8890446 4.8639133
279 1.942108 3.2545131 2.7743756
280 2.0650972 3.1865177 3.3930041
281 4.4000813 5.2487002 2.9247625
282 8.2966223 12.988362 5.3740085
283 12.708123 -0.174927 4.8173841
284 1.4413429 9.0285551 0.1135611
285 6.5666238 11.719063 0.3168136
286 13.894156 5.707276 4.9185232
287 6.9210639 1.8376761 2.9816289
288 0.7550849 0.432703 6.7634727
289 2.3235025 5.3081386 9.1025587
290 6.2459823 2.0768803 11.949909
291 4.7074794 2.7511487 12.743369
292 1.2785208 1.2932673 10.077092
293 3.6491148 2.7014817 8.735067
294 4.6516472 2.7483135 10.466873
295 2.6581492 14.751593 5.0196948
296 14.932104 5.2510571 4.5711543
297 4.7881564 6.9143594 4.1202806

257




299 7.7935331 8.639744 12.428733
300 10.9591 1.3947227 12.30187
301 0.6174593 0.7083751 13.809434
302 1.0005524 -1.619073 8.3819877
303 0.4352337 12.540004 5.6160641
304 10.606697 9.110393 4.3591218
305 8.810861 -0.908032 7.1352161
306 2.601488 8.8798287 15.665037
307 7.261041 7.0404872 11.66665
308 6.9344617 4.1895248 10.844609
309 4.232078 13.585525 9.770268
310 14.553492 2.1216319 12.750504
311 3.4571208 13.317881 8.7584052
312 13.671268 1.8087253 11.774839
313 0.8429266 1.5742704 13.782397
314 5.3472976 2.4450402 8.1983396
315 2.5668711 3.5535793 2.3073699
316 1.9183442 11.117673 9.3740462
317 12.248593 8.644347 10.698747
318 12.788494 3.5409622 5.1207339

258




319 5.0339287 9.0384103 13.317525
320 7.1052059 2.3709813 3.1546783
321 0.444907 4.0787025 13.448542
322 6.1605049 9.3236731 13.359623
323 10.466058 9.6811903 8.9750251
324 7.7525722 8.2390813 5.6732828
325 9.7549264 5.6406856 4.931122
326 4.8091032 6.5694995 12.453667
327 6.264602 14.445345 3.6665122
328 13.867387 12.853412 10.995205
329 14.174399 7.5526788 8.9000011
340 7.1595014 7.9207644 11.907426
341 9.5721694 12.189496 12.937982
342 11.039834 2.2045312 13.243418
343 4.3888875 11.006919 13.286303
344 10.737986 13.249671 9.2455395
345 13.990141 6.6854342 10.108275
346 5.025959 7.3610045 12.890302
347 8.3869048 11.267018 5.174173
348 12.207613 1.4507868 3.5788832

259




349 0.8269354 6.5725389 13.396393
350 7.0327816 6.5422574 12.919967
351 3.8282635 3.0557896 3.4288892
352 3.579534 8.0939399 12.087864
353 10.638781 11.75151 2.2963685
354 12.031169 16.632011 9.3230873
355 15.015882 0.0371269 5.2831878
356 3.4920673 9.5475944 8.3120526
357 8.3080717 5.23825 10.022796
358 7.5024282 8.6301858 11.482455
359 11.534404 4.0569053 7.9777558
360 4.5408411 4.9064158 4.7976317
361 4.0041288 3.1175411 -0.36994
362 2.3852865 3.7658216 5.2889322
363 6.8108687 9.4702889 10.293942
364 8.1883123 8.2024132 11.0934
365 8.5589771 1.8471099 3.7220426
366 0.2282042 5.6120742 11.750988
367 6.8798996 4.4480934 13.225184
368 7.4718005 10.545212 1.3955922

260




369 11.152103 1.5346689 5.2791567
370 2.2887096 9.1156059 3.9005054
371 9.9923762 0.5293501 11.710802
372 3.1246692 9.7840919 4.015572
373 9.6120029 5.4004664 15.794582
374 6.4845128 1.7393492 10.492349
375 0.8114259 5.263455 3.5032758
376 7.7908906 11.08324 3.8684961
377 12.048607 2.1016444 10.345503
378 4.8602461 5.7004665 11.61347
379 7.1607659 12.023856 2.5916868
380 9.6595335 1.1492847 11.500268
381 1.9410439 8.2606967 8.8649167
382 11.069032 10.415393 4.7734936
383 10.562284 4.3782864 6.9722325
384 3.3616688 7.7622792 6.4163133
385 8.7639475 9.2285625 2.0350565
386 8.9691696 12.841507 3.2430734
387 12.253297 2.5280249 4.8077393
388 4.6900931 2.8480187 9.336443

261




389 3.4998606 2.992377 11.868034
390 3.9119265 4.436602 14.121626
391 4.0367678 12.15787 5.1361168
392 9.9883478 3.2963448 6.2363253
393 3.1266364 7.5599873 0.4198786
394 8.9665635 4.6858256 3.3965855
395 6.1845831 9.495901 7.1667877
396 9.1719016 10.123969 6.2547033
397 10.645733 14.58396 5.5365552
398 14.892103 4.6016519 12.752715
399 3.6370203 5.7199995 11.54177
400 4.0094518 10.748702 9.0367615
401 11.233059 13.400205 8.0587308
402 10.716116 1.032117 14.62176
403 0.7336185 11.89047 5.7820093
404 11.522102 0.9324336 2.3819403
405 0.3463045 1.2410201 12.534599
406 1.525382 9.9560925 8.4682132
407 8.5014601 2.7620207 9.400608
408 3.5051416 2.9107047 4.7817715

262




409 4.1069464 3.7812376 5.7835265
410 4.8205119 8.3640229 3.9810736
411 10.002634 3.9368664 12.014635
412 3.3766525 0.2221509 6.5392269
413 2.1538344 1.3385317 6.3988347
414 1.6555827 8.390436 4.9256079
415 9.8639607 3.3105896 10.659239
416 3.5237629 11.356229 6.8364151
417 11.829123 8.6284899 9.7516866
418 12.459918 11.223283 13.420598
419 11.081879 5.3958388 4.5648857
420 6.7592905 4.1533032 1.6569583
421 2.5878713 8.4343539 5.700765
422 8.2812143 0.8706118 6.8282306
423 2.8174619 6.6210951 8.814188
424 9.1792197 13.194748 10.250198
425 14.44457 5.2044977 12.702844
426 6.2453788 9.2655255 1.4077523
427 11.269815 7.2330554 12.004819
428 8.036406 6.6804432 12.861305

263




429 6.6614519 5.8818722 9.0446345
430 8.5035776 5.3016106 1.253278
431 7.1513891 5.5553584 10.318427
432 5.0250594 10.114551 5.5114052
433 10.551358 14.225387 8.9657095
434 11.028824 6.3986184 7.996958
435 7.3816797 10.523868 7.7814761
436 10.305838 10.679646 4.2911646
437 9.0422401 0.2305788 12.943348
438 1.7500838 6.0418113 11.944234
439 5.0813452 5.4809513 9.3367562
440 5.5693607 0.5274588 4.5299935
441 2.8324738 10.799595 4.169897
442 12.900516 12.085122 11.727938
443 13.674348 11.621934 7.258521
445 12.342392 13.613363 6.827672
446 11.340511 2.306946 3.6997362
447 2.0820213 4.5347255 11.022792
448 4.6120873 4.2134292 9.8578811
449 7.0841068 2.6520272 15.127926

264




450 2.3516595 13.780582 6.1092307
451 11.979729 11.329382 13.016054
452 12.277622 -0.454011 11.682883
453 0.4299209 7.182338 11.74522
454 7.2118299 10.095122 12.920468
455 11.923314 0.5838663 9.3387296
456 1.670952 5.5787362 9.9493535
457 4.8413981 5.335859 14.362205
458 4.6909965 8.2802188 9.5711264
459 7.6111231 2.9364783 3.2293034
460 3.5514243 6.6165944 10.909249
461 6.0465202 6.9599152 12.211154
462 4.8537437 15.702892 13.187524
463 14.371305 1.7515949 5.2170959
464 0.4475535 1.7911952 4.241649
465 1.3652011 10.234152 11.193059
466 8.7505038 4.9823143 5.1388563
467 7.0058313 6.1391697 7.9561224
468 5.5211771 3.1818846 6.5881177
469 3.9124768 0.845338 6.6685224

265




470 0.7439687 8.0425169 12.950391
471 8.3841106 9.9019415 7.4734394
472 8.2216996 11.018523 7.7263243
473 8.4605339 7.7887747 7.5859645
474 10.420683 -1.731812 13.681597
475 -0.677371 1.5833266 4.3097423
476 5.3064049 6.5047221 7.3686239
477 7.3794582 -2.478652 7.8658504
478 -0.511304 8.7509915 7.9391442
479 7.6742154 2.0356592 10.831983
480 4.8822842 9.4845269 9.9783797
481 11.242144 10.501544 0.60961
482 9.8163666 0.6771168 5.813313
483 5.0003418 8.4175192 4.9397456
484 6.5670159 9.7520768 12.93503
485 10.397264 7.9152875 7.6609006
486 8.5509365 13.601394 5.1464478
487 11.737755 8.3972711 3.2881502
488 8.1314709 5.7808642 3.0417349
489 8.159862 -1.503817 3.3895702

266




490 1.0803154 1.4545529 8.8661986
491 1.9332972 6.6280893 7.0469318
492 7.5440306 6.9470313 10.962857
493 6.3272988 9.4759514 9.4649141
494 7.2950577 10.365826 10.660749
495 9.1897329 8.3484547 8.7882889
496 7.9185572 2.0206193 12.498553
497 3.1883983 12.435564 6.6389965
498 13.535031 12.629787 12.543511
499 11.836176 7.126167 9.9481882
500 9.8528544 7.0917733 2.0881274

267




Data simulated for Constant Elasticity of Substitution (CES)

(y=y[6x " +1-8)x, 7] e) WhenN=50

7=-0.5 =0 =05

S/NO » Vs Vs

1 1.8578268 1.8351303 0.0975519
2 0.6384163 0.4511035 0.2487886
3 1.6148319 1.6162083 0.9379183
4 1.3137527 0.1819287 0.2618044
5 0.3054215 0.6623357 0.2678225
6 0.1761717 0.6815158 0.6205443
7 0.2963985 0.4248059 0.4536446
8 1.9696845 2.3237736 0.4775995
9 0.1529849 0.1899353 0.3486382
10 0.2063361 0.6805549 0.087247
11 0.5992771 1.558382 0.8863318
12 0.119956 0.2802609 0.3034601
13 0.1887658 0.9760454 0.8362578
14 1.5142838 1.0775896 0.6325666
15 0.9217854 0.3734826 0.1582934

268




16 0.7523281 1.686707 0.2291061
17 0.0315064 0.8887415 0.5165112
18 0.0320692 0.4494903 0.3168721
19 0.9227901 1.5753375 0.6737598
20 1.1115328 3.1265275 0.3136815
21 0.1165841 0.6256029 0.4005628
22 1.2004795 0.4172765 0.180514
23 1.7420059 0.1884906 0.5182508
24 0.6882129 0.3046012 0.7668122
25 0.7458361 2.6489283 0.8719089
26 0.0456423 1.3588565 0.1141403
27 0.0881328 0.9658883 0.8991795
28 0.4317612 3.8150151 0.4924753
29 0.754848 0.3914089 0.1436535
30 0.2762669 0.3007724 0.2529299
31 0.3147502 1.7301574 0.6347013
32 0.0732009 1.3339346 0.5276591
33 0.2686886 0.7813946 0.7044034
34 0.2729934 1.2843443 0.2592125
35 0.6502131 0.4212427 0.8819048

269




36 2.5607867 2.1869176 0.1216646
37 0.5960518 1.5219993 0.8401632
38 0.0941311 0.4351511 0.9423626
39 0.539863 10.295627 0.1046994
40 1.6724144 2.1010266 0.3382674
41 1.9227307 1.3220107 0.5750936
42 4.3576742 0.868892 0.5304978
43 0.9440014 3.5323797 0.6980249
44 0.0710798 1.2032884 0.4244927
45 0.4403758 2.2592376 0.6530688
46 0.0738823 0.5593955 0.7796689
47 0.8183749 0.2455327 0.5207123
48 0.058109 2.6487838 0.1193888
49 6.1660127 0.3809708 0.2485
50 0.4809336 1.3801024 0.6142457

270




Data simulated for Constant Elasticity of Substitution (CES)

(y =y [5}61" +(1-0)x,° T% ¢") Wwhen N=100

7=-0.5 =0 =05

S/NO » Vs Vs

1 1.8230274 1.8351303 1.3372611
2 0.9122808 0.4511035 0.1966226
3 0.8258382 1.6162083 0.8971762
4 1.380858 0.1819287 0.3256733
5 0.2492515 0.6623357 0.0787894
6 0.2015545 0.6815158 0.0262731
7 0.2147684 0.4248059 0.3200009
8 1.5194332 2.3237736 0.080442
9 0.2036017 0.1899353 0.3618925
10 0.1431625 0.6805549 0.2295922
11 0.7066645 1.558382 0.0338827
12 0.0646871 0.2802609 0.0795211
13 0.3920507 0.9760454 0.0446885
14 1.2149641 1.0775896 0.0461808
15 0.7145132 0.3734826 0.6049862

271




16 0.3369369 1.686707 0.432419
17 0.0450519 0.8887415 0.1267962
18 0.0860511 0.4494903 0.5794678
19 1.2748886 1.5753375 5.0289599
20 1.0812916 3.1265275 0.0461542
21 0.1098898 0.6256029 0.874118
22 1.6189512 0.4172765 0.0653006
23 1.8637721 0.1884906 0.1509432
24 0.5613639 0.3046012 0.2076022
25 0.5650172 2.6489283 0.776007
26 0.0070524 1.3588565 0.4582658
27 0.101507 0.9658883 0.8672822
28 0.4431904 3.8150151 0.3175254
29 0.5861532 0.3914089 0.2246598
30 0.2185739 0.3007724 0.2060767
31 0.2004862 1.7301574 0.1486238
32 0.2068881 1.3339346 0.3000495
33 0.3783518 0.7813946 0.6227316
34 0.0980421 1.2843443 0.1871194
35 0.2648998 0.4212427 0.0557421

272




36 2.9372104 2.1869176 0.1248705
37 0.6289528 1.5219993 2.4510424
38 0.1018354 0.4351511 0.1918302
39 0.6136639 10.295627 0.9713698
40 1.381688 2.1010266 2.086898
41 1.6128563 1.3220107 0.2572308
42 4.1981834 0.868892 0.4582703
43 1.0946264 3.5323797 0.0425391
44 0.0502938 1.2032884 0.9509687
45 0.5992584 2.2592376 0.3715603
46 0.0643645 0.5593955 1.6812626
47 0.6651329 0.2455327 11.161777
48 0.0834404 2.6487838 0.1399456
49 3.6712619 0.3809708 0.2816468
50 0.356957 1.3801024 0.1572806
51 2.2485407 3.5468877 0.053635
52 0.5440185 0.1417793 0.0948895
53 0.3442773 0.204353 2.0106023
54 1.0352095 1.4035777 0.1872737
55 0.7104141 5.9844973 0.2452869

273




56 0.3058153 4.7923521 5.0928479
57 0.0771971 1.1503795 0.0607335
58 1.2816581 0.1640968 1.2574975
59 0.0678634 0.2687846 0.0687016
60 0.1649021 0.5312526 0.9062442
61 0.5836681 0.1716904 0.6395717
62 0.3379669 0.3055493 0.7996218
63 0.9932436 0.9169924 0.4130148
64 0.7461199 2.8911493 2.0306046
65 2.6384677 0.2878981 0.8000371
66 0.9955305 1.5443445 0.1142065
67 0.0998413 0.4018333 0.8453651
68 0.1392547 1.2088867 0.2709283
69 2.1799495 1.3807162 0.0665915
70 2.2805841 3.6395406 0.5105184
71 0.2623635 0.8224899 0.1647977
72 0.0776667 0.5363855 0.1175582
73 0.4865039 0.2682804 1.7013764
74 0.1582078 0.859347 0.4015315
75 0.7516003 1.9074863 0.2048022

274




76 1.0147364 1.790352 0.4536176
77 0.1335373 0.333152 0.4227522
78 4.5208735 1.8875058 0.0689732
79 1.4824723 1.8288528 0.1426361
80 0.7719143 1.9994788 0.8397301
81 0.5719339 4.0856678 0.1671125
82 0.0100552 2.4405481 1.2934966
83 1.6544831 1.058402 0.1722953
84 0.3119784 2.9728555 0.0520737
85 1.5416973 7.523527 0.2397796
86 0.3648878 0.4623293 0.013414
87 3.4180541 1.9394577 0.4360453
88 1.0630511 0.5882289 0.0272721
89 3.2893452 0.1199644 0.0407472
90 0.0223519 1.0230376 0.3733734
91 0.3826802 5.7845902 0.3246082
92 0.2661731 2.6878702 0.2731261
93 0.4189739 1.0267524 0.4864102
94 0.911327 4.3087578 1.7988995
95 2.3570589 1.2492891 2.2815196
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96 0.1123079 2.4355698 0.6988119
97 0.3658163 2.9091854 0.4653489
98 0.0297242 0.1736562 0.1249678
99 0.4572717 0.8252114 0.4872869
100 0.3034661 0.7868619 0.409406

276




Data simulated for Constant Elasticity of Substitution (CES)

(y =y [5}61" +(1-0)x,° T% ¢") Wwhen N=150

7=-0.5 =0 =05

S/NO » Vs Vs

1 1.6905517 1.8351303 0.3435764
2 0.6379688 0.4511035 0.212438
3 2.3455768 1.6162083 0.903156
4 1.0820229 0.1819287 0.3263268
5 0.3208792 0.6623357 0.0732998
6 0.3296736 0.6815158 0.0275116
7 0.3614611 0.4248059 0.1143376
8 2.1253606 2.3237736 0.1862457
9 0.044594 0.1899353 0.257378
10 0.1934741 0.6805549 0.2080824
11 1.0886425 1.558382 0.0802856
12 0.1763655 0.2802609 0.0857829
13 0.2452999 0.9760454 0.0463635
14 1.5293767 1.0775896 0.0960307
15 0.6328476 0.3734826 0.9037813
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16 0.2243276 1.686707 0.4080616
17 0.0467608 0.8887415 0.1757157
18 0.1434367 0.4494903 0.1774754
19 1.4066849 1.5753375 3.2518514
20 1.5179576 3.1265275 0.0599732
21 0.0786641 0.6256029 0.2041313
22 0.9775831 0.4172765 0.1593281
23 1.3423072 0.1884906 0.2609398
24 0.4230745 0.3046012 0.1954524
25 0.4972103 2.6489283 1.6928753
26 0.0526886 1.3588565 0.332165
27 0.0768962 0.9658883 1.1154046
28 0.4615926 3.8150151 0.196277
29 1.0331044 0.3914089 0.2165981
30 0.1152144 0.3007724 0.2129742
31 0.0871884 1.7301574 0.1098453
32 0.0691068 1.3339346 0.2627842
33 0.4990499 0.7813946 0.2351442
34 0.122979 1.2843443 0.1481752
35 0.4303316 0.4212427 0.0834731
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36 1.9392896 2.1869176 0.0023627
37 0.4390463 1.5219993 1.9501277
38 0.0569409 0.4351511 0.2699555
39 0.8503202 10.295627 1.0188503
40 0.750743 2.1010266 0.6653725
41 2.0400455 1.3220107 0.3440031
42 3.0153974 0.868892 0.5428317
43 0.9602745 3.5323797 0.0452109
44 0.0925956 1.2032884 1.0255376
45 0.4606778 2.2592376 0.4801442
46 0.0249136 0.5593955 1.5927319
47 0.4552064 0.2455327 11.242389
48 0.0974764 2.6487838 0.2505684
49 4.6397982 0.3809708 0.3083631
50 0.4145755 1.3801024 0.1279795
51 1.0454116 3.5468877 0.041508
52 0.2884317 0.1417793 0.1201341
53 0.1143217 0.204353 1.4014763
54 0.6977829 1.4035777 0.2557674
55 1.1107421 5.9844973 0.2722546
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56 0.2461022 4.7923521 4.3575845
57 0.0961429 1.1503795 0.1282733
58 1.0706838 0.1640968 1.5439663
59 0.1872123 0.2687846 0.0897443
60 0.1231117 0.5312526 0.9404826
61 0.4888201 0.1716904 0.1785326
62 0.1795742 0.3055493 0.8426112
63 0.5204539 0.9169924 0.2196811
64 0.654085 2.8911493 2.0328056
65 3.7993788 0.2878981 0.5555248
66 1.4530959 1.5443445 0.1072694
67 0.0347431 0.4018333 0.1413394
68 0.0602073 1.2088867 1.0297139
69 2.791879 1.3807162 0.0747436
70 1.3572266 3.6395406 0.0039813
71 0.1995876 0.8224899 0.1258696
72 0.2400486 0.5363855 0.1448575
73 0.4438753 0.2682804 2.1769066
74 0.1793247 0.859347 0.4388825
75 0.8430739 1.9074863 0.1128953
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76 0.5748533 1.790352 0.5198707
77 0.172192 0.333152 0.2107948
78 3.7142237 1.8875058 0.0644079
79 1.3607605 1.8288528 0.1750299
80 1.3418221 1.9994788 0.4297725
81 0.5466858 4.0856678 0.4113116
82 0.0697287 2.4405481 1.0262436
83 0.4407521 1.058402 0.420522
84 0.363618 2.9728555 0.0868497
85 1.4483818 7.523527 0.0924765
86 0.5467679 0.4623293 0.1120181
87 4.1364766 1.9394577 0.6127378
88 1.3694635 0.5882289 0.0224145
89 2.3286519 0.1199644 0.0437251
90 0.0529637 1.0230376 0.8788133
91 0.2694882 5.7845902 0.3121405
92 0.3308687 2.6878702 0.2928189
93 0.4746667 1.0267524 0.5965515
94 0.5422837 4.3087578 1.4239126
95 1.9605679 1.2492891 2.2461241
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96 0.140085 2.4355698 0.2869866
97 0.5092266 2.9091854 0.4168278
98 0.1261696 0.1736562 0.1309164
99 0.3597844 0.8252114 0.4128985
100 0.2948011 0.7868619 0.5319433
101 0.4638808 3.1366245 2.4084351
102 0.4213873 0.6551667 0.0630975
103 0.0899569 0.4018118 0.1970879
105 0.4582818 0.5984612 0.5314822
106 0.1471105 1.0384206 0.5142509
107 0.8630995 1.8797422 0.3069339
108 0.0503518 0.8519268 0.2906454
109 0.9520819 2.7228023 0.3856061
110 2.2946072 0.8945413 1.1451533
111 0.9505854 0.9560105 0.1076309
112 0.5667023 0.5441512 0.0840415
113 0.0392896 1.2306955 0.3409563
114 0.7046583 0.1146396 0.2342284
115 0.2280697 0.6123721 1.051179
116 0.4136579 0.1926721 0.3427384
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117 0.4838516 5.0372021 0.2013548
118 0.1073836 0.1943837 0.6883287
119 0.2894555 3.1451028 0.211516
120 0.297549 0.5184362 1.7050497
121 0.8743596 0.3789713 0.2710955
122 0.4591634 0.3557629 2.1687193
123 0.2966191 0.3059371 0.0406173
124 0.7448531 1.6993147 1.2894951
125 2.4073137 4.7828548 1.8871901
126 0.1770983 0.3177914 0.0819778
127 0.2920828 2.2670921 2.7546453
128 0.0917869 4.2205951 0.1834638
129 0.3235814 1.6458238 0.19444
130 0.0436292 1.559527 0.4090225
131 0.0719311 1.3885458 1.3440646
132 1.7626471 0.2147753 0.022029
133 1.6073486 0.2592646 0.1064053
134 0.8275247 0.5434325 1.0108494
135 0.123566 7.6414235 0.0205829
136 0.1120659 0.1623586 0.1065077
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137 1.7067727 0.6841532 0.5130955
138 0.4963832 0.2983134 4.2534441
139 0.8760673 0.9257506 0.3133488
140 0.6317923 3.3527087 0.1689233
141 0.1635544 4.2055448 3.5446839
142 2.5754294 2.1592402 3.7930486
143 2.210534 0.3031012 0.2007038
144 0.8450053 1.2469155 0.477955
145 0.280216 6.230548 1.3777106
146 1.1365023 1.1892795 0.4275293
147 1.9225142 0.2071848 0.3732145
148 0.0497772 0.558383 1.5596886
149 0.3763821 1.57473 0.0693152
150 0.1486867 0.4047106 0.3779859
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Data simulated for Constant Elasticity of Substitution (CES)

(y =y [5}61" +(1-0)x,° T% ¢") Wwhen N=250

7=-0.5 =0 7=0.5

S/NO » Vs Vs

1 1.57388284 1.83513027 9.234647E-01
2 0.47912022 0.45110350 1.516607E-01
3 1.76205680 1.61620827 6.782376E-01
4 1.02350362 0.18192867 5.392703E-01
5 0.40710228 0.66233574 6.160397E-02
6 0.35254481 0.68151577 2.767673E-02
7 0.20373166 0.42480593 1.078520E-01
8 1.86505632 2.32377365 1.509016E-01
9 0.21412156 0.18993529 3.936340E-01
10 0.18494217 0.68055489 1.267050E-01
11 0.79019189 1.55838199 2.178277E-01
12 0.11128227 0.28026092 7.467343E-02
13 0.37171527 0.97604544 5.026861E-02
14 1.44438385 1.07758961 1.116800E-01
15 0.84313407 0.37348260 5.851765E-01
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16 0.57836149 1.68670699 3.001319E-01
17 0.01943467 0.88874153 1.516355E-01
18 0.01512541 0.44949033 4.228881E-01
19 1.82356495 1.57533750 3.283009E+00
20 1.15845117 3.12652746 6.569406E-02
21 0.10769274 0.62560286 8.722062E-01
22 2.37899804 0.41727653 1.889173E-01
23 1.45910129 0.18849061 2.424047E-01
24 0.67075599 0.30460124 2.384309E-01
25 0.29041053 2.64892826 2.472487E+00
26 0.02267255 1.35885652 3.310930E-01
27 0.06596097 0.96588827 4.177168E-01
28 0.22869076 3.81501515 3.845353E-01
29 1.11260855 0.39140890 3.141549E-01
30 0.15784991 0.30077239 1.147324E-01
31 0.22466747 1.73015742 2.365505E-02
32 0.21842451 1.33393457 2.056667E-01
33 0.28694940 0.78139463 5.594832E-01
34 0.05014746 1.28434429 1.255514E-01
35 0.62263625 0.42124266 1.043963E-01
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36 2.41585160 2.18691757 1.404639E-01
37 0.43477300 1.52199928 2.620512E+00
38 0.04158867 0.43515112 2.171815E-01
39 0.75289678 10.29562667 1.088346E+00
40 1.78996320 2.10102660 1.879055E+00
41 1.44257150 1.32201069 3.967352E-01
42 4.40683804 0.86889203 3.638741E-01
43 1.31707310 3.53237966 3.765241E-02
44 0.02591650 1.20328841 6.743860E-01
45 0.37030800 2.25923760 4.028591E-01
46 0.03682010 0.55939547 1.871855E+00
47 0.79371910 0.24553269 1.050785E+01
48 0.21268888 2.64878381 7.025462E-02
49 3.18061547 0.38097080 2.707338E-01
50 0.38908547 1.38010238 1.419186E-01
51 3.02078088 3.54688765 1.082427E-01
52 0.55937285 0.14177930 1.306029E-01
53 0.30586415 0.20435303 2.067640E+00
54 0.58725298 1.40357770 4.666328E-03
55 1.09727874 5.98449730 2.820269E-01
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56 0.30606511 4.79235211 4.561599E+00
57 0.05890658 1.15037946 1.421493E-01
58 0.77040499 0.16409679 7.992138E-01
59 0.14363741 0.26878457 2.548696E-02
60 0.07582652 0.53125262 7.635442E-01
61 0.40898840 0.17169043 1.859403E+00
62 0.30421939 0.30554930 8.009616E-01
63 0.55757095 0.91699240 2.855191E-01
64 0.58844626 2.89114929 1.438310E+00
65 1.66845114 0.28789811 5.672257E-01
66 1.77912330 1.54434452 3.058506E-02
67 0.04278642 0.40183329 8.473313E-01
68 0.14905913 1.20888673 6.664191E-01
69 1.47207519 1.38071618 9.110565E-02
70 2.10814750 3.63954061 5.229297E-01
71 0.42816659 0.82248992 6.618875E-01
72 0.19056389 0.53638554 1.416463E-01
73 0.40497043 0.26828044 2.048922E+00
74 0.21347814 0.85934697 1.081953E-01
75 0.65622759 1.90748632 2.160693E-01

288




76 0.88314680 1.79035199 4.747221E-01
77 0.09113969 0.33315202 5.480481E-01
78 4.43802152 1.88750578 1.006016E-01
79 1.08614199 1.82885280 3.857183E-02
80 0.99434439 1.99947884 9.198528E-01
81 1.12239402 4.08566779 2.458467E-01
82 0.06866278 2.44054806 6.806855E-01
83 1.13307435 1.05840204 2.983768E-01
84 0.42673163 2.97285550 3.573706E-02
85 1.71333197 7.52352702 1.809411E-01
86 0.41216271 0.46232930 1.493593E-01
87 4.11608058 1.93945774 6.077539E-01
88 1.47600067 0.58822892 1.124070E-02
89 2.53023999 0.11996437 2.900046E-02
90 0.04632995 1.02303756 8.876223E-01
91 0.26202515 5.78459016 4.218082E-01
92 0.22982244 2.68787017 2.823887E-01
93 0.63449322 1.02675241 2.879342E-01
94 0.92582300 4.30875781 1.806569E+00
95 3.31339580 1.24928909 1.246852E-01
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96 0.14692475 2.43556976 3.630735E-01
97 0.23284778 2.90918539 2.902296E-01
98 0.06522628 0.17365619 1.153470E-01
99 0.51420672 0.82521144 4.493370E-01
100 0.28463636 0.78686185 3.932445E-01
101 0.67097328 3.13662452 2.576572E+00
102 0.31971894 0.65516670 9.462360E-02
103 0.09181549 0.40181180 2.178182E-01
105 0.23513780 0.59846115 5.971434E-01
106 0.10332158 1.03842063 7.641641E-01
107 0.53532781 1.87974220 2.143925E-01
108 0.07847553 0.85192676 8.087207E-01
109 0.30987577 2.72280234 2.667719E-01
110 2.59000803 0.89454129 5.902868E-01
111 0.77752463 0.95601054 1.294521E-01
112 0.70939416 0.54415118 7.115083E-02
113 0.03028614 1.23069547 4.531112E-02
114 0.62969606 0.11463963 2.026158E-01
115 0.28883921 0.61237211 9.896284E-01
116 0.23938565 0.19267207 5.123103E-01
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117 0.16187780 5.03720214 2.188283E-01
118 0.12539649 0.19438372 8.293613E-01
119 0.99415806 3.14510281 3.436063E-01
120 0.28970328 0.51843619 1.953638E+00
121 1.11070162 0.37897127 2.568593E-01
122 0.36409582 0.35576295 2.258138E+00
123 0.23725949 0.30593713 4.474523E-02
124 0.61376178 1.69931474 1.517466E+00
125 2.06848726 478285477 1.710563E+00
126 0.34832412 0.31779139 7.554415E-02
127 0.41342541 2.26709213 3.915840E+00
128 0.13239999 4.22059510 4.733010E-01
129 0.46745724 1.64582378 1.918332E-01
130 0.04353701 1.55952702 4.133345E-01
131 0.05884576 1.38854581 2.185792E+00
132 2.11310239 0.21477526 2.003341E-01
133 0.87262203 0.25926460 1.524692E-01
134 0.95825716 0.54343253 4.922416E-01
135 0.33088874 7.64142350 1.130012E-02
136 0.08986995 0.16235861 8.281094E-02
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137 2.27609336 0.68415324 3.675929E-01
138 0.38437026 0.29831343 4.646564E+00
139 1.48989916 0.92575061 3.262252E-01
140 0.62112976 3.35270873 1.785049E-01
141 0.10024292 4.20554481 3.797290E+00
142 4.13757679 2.15924021 3.787745E+00
143 1.65334826 0.30310117 3.022431E-01
144 0.54640927 1.24691551 4.962521E-01
145 0.56097739 6.23054801 1.998298E+00
146 1.85126190 1.18927951 4.029126E-01
147 2.78190415 0.20718481 1.833747E-01
148 0.03184704 0.55838301 8.552294E-01
149 0.44238908 1.57473002 1.543597E-01
150 0.24235620 0.40471059 2.963812E-01
151 0.13186081 1.05451923 9.864248E-01
152 3.93874381 1.66835651 2.641409E-02
153 0.70803949 0.81724850 1.151126E+00
154 1.01412644 4.70370977 1.033219E+00
155 0.19152279 2.47846623 1.957876E-01
156 0.37912149 3.08634632 8.514356E-01
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157 0.88289045 2.61958950 2.561119E-01
158 0.29369487 0.13983014 3.945468E-02
159 0.89822555 4.09014985 1.828500E+00
160 0.01344011 0.35668660 6.462833E-01
161 1.03363198 0.61301111 2.565815E-01
162 1.18320313 0.12451518 2.773610E-01
163 4.36939297 2.98818159 7.216057E-01
164 0.06658692 0.53309555 1.424192E+00
165 0.58161016 0.45383994 1.411686E+00
166 0.63046588 3.15914889 1.069128E+00
167 0.35948715 1.12812423 1.590701E+00
168 0.18424139 0.97199825 2.023941E+00
169 0.19042419 1.29292514 7.253448E-02
170 0.16474154 2.58913645 1.384392E+00
171 0.34933521 1.67820726 8.664013E-02
172 0.27613112 17.03012161 1.259598E-01
173 0.63444356 0.75913491 1.530673E-01
174 0.41695379 0.44607278 2.954772E-01
175 0.31994296 2.05229154 1.429666E-01
176 0.36795186 6.25620493 1.159870E-01
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177 1.42322183 1.63016117 9.630127E-01
178 1.22771774 1.93651654 4.237161E-01
179 1.09222614 1.11783820 1.864087E-01
180 1.90861237 1.12885924 2.584217E-01
181 0.08428048 2.74628822 1.943648E-01
182 0.86539772 4.28839610 1.831171E-02
183 0.04503599 0.86433498 1.908384E+00
184 0.56616873 0.23789099 2.061629E+00
185 0.47203905 0.98441063 3.767191E-01
186 0.23665135 0.36510059 1.715037E+00
187 0.86483926 1.62060004 1.452763E-02
188 0.41655174 0.41350437 3.433820E+00
189 0.22488369 2.73321913 3.635810E-01
190 1.69544537 1.12934364 3.855595E-01
191 1.14323106 1.42093254 2.629969E-02
192 0.31985924 2.07528363 1.153897E-01
193 0.27114297 0.19721541 1.797435E+00
194 0.24554761 0.81819813 5.728165E+00
195 0.18751003 0.57109599 8.527086E-01
196 0.09577702 0.23229695 5.882134E-01
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197 0.15667157 0.47056014 5.560903E-01
198 0.10729475 0.39920535 6.361927E-01
199 0.21896882 2.43888966 3.985606E-01
200 1.10795445 0.69640816 9.285661E-01
201 7.31711623 1.38979720 7.854365E-01
202 0.04014573 2.21799351 2.122834E-02
203 0.67179966 2.12621456 1.555600E-01
204 0.12818569 0.28798802 1.034684E-01
205 0.07536760 0.27951760 4.385479E-01
206 0.95427507 0.40040793 6.130691E-01
207 0.67994070 1.05931530 1.508168E+00
208 0.97648370 0.24123646 8.010482E-01
209 2.67488876 0.79875033 6.242631E-01
210 0.43496738 0.27425789 8.587115E-02
211 0.08812831 1.06527624 1.725417E-01
212 1.71114127 0.88725666 4.387500E-03
213 0.27579116 2.03435934 2.937086E-01
214 1.07879721 0.16319779 1.127087E-02
215 0.16225468 0.57356420 1.257537E-01
216 1.95316902 0.22872618 9.342819E-01
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217 6.24474333 0.95133686 7.731302E-01
218 0.03352200 2.08952499 2.054167E-02
219 0.10767523 1.10866802 3.915618E-01
220 0.35777665 0.09152781 3.382914E-01
221 0.04164929 6.36163207 6.667428E-04
222 0.27671255 0.37176404 4.305876E-02
223 1.27889766 0.22312335 6.869342E-01
224 0.11705118 0.44975770 5.215552E-01
225 0.46258948 0.26757714 1.188645E-01
226 2.69349402 0.68745269 7.512838E-01
227 0.14283661 2.74183432 1.083355E+00
228 0.66457648 0.17545266 4.316763E-02
229 1.05752637 2.66112486 5.039859E-01
230 0.10994676 0.23063344 2.465751E-01
231 0.61218687 2.09431157 7.580496E-02
232 0.06382981 1.69496164 1.436805E+00
233 2.02051763 0.68747272 2.521003E-01
234 0.10804871 0.23504653 5.109320E-01
235 0.19495197 1.01582546 2.570420E-01
236 0.30832631 1.02154051 6.237173E-01
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237 1.59134653 0.59803342 2.063706E-01
238 0.88067443 0.40843038 3.171635E-01
238 0.24001793 1.10386271 5.268540E-01
240 0.07627921 0.90267625 4.697014E-01
241 1.05667648 0.46463054 6.930101E-01
242 0.08243088 0.27480502 7.213207E-01
243 0.44416146 0.95567101 2.773213E-01
244 0.25035241 1.48449718 1.335882E+00
245 0.29035423 0.64603117 1.507582E+00
246 2.70271907 0.32645713 7.420208E-01
247 0.04915360 0.59847241 1.336489E-01
248 0.44236499 2.40973779 9.722763E-01
249 1.98002895 0.34140962 1.112620E+00
250 6.41790991 1.57111199 6.071161E-02

297




Data simulated for Constant Elasticity of Substitution (CES)

(y =y [5}61" +(1-0)x,° T% e ) when N=500

7=-0.5 =0 =05

S/NO i Vs Vs

1 1.31023583 1.83513027 0.897839858
2 0.66440090 0.45110350 0.181487852
3 2.41839469 1.61620827 0.922754743
4 1.35238194 0.18192867 0.660841939
5 0.51323235 0.66233574 0.048898695
6 0.24376172 0.68151577 0.02633511
7 0.22421971 0.42480593 0.278673176
8 2.08769514 2.32377365 0.137086418
9 0.22051092 0.18993529 0.408516105
10 0.15143154 0.68055489 0.231407623
11 0.92883786 1.55838199 0.085260416
12 0.06601250 0.28026092 0.10214759
13 0.21855781 0.97604544 0.038689029
14 0.88462967 1.07758961 0.120155707
15 0.46365110 0.37348260 0.922606622

298




16 0.08282792 1.68670699 0.342480659
17 0.01769714 0.88874153 0.142684387
18 0.02812067 0.44949033 0.006980083
19 1.85451206 1.57533750 4.007236532
20 1.51993956 3.12652746 0.070070147
21 0.07977567 0.62560286 0.323707029
22 1.46971880 0.41727653 0.196487712
23 1.87500456 0.18849061 0.246762182
24 0.30461113 0.30460124 0.095261155
25 0.39123640 2.64892826 1.358001334
26 0.05031258 1.35885652 0.443509978
27 0.09301338 0.96588827 0.603331784
28 0.36152681 3.81501515 0.366642432
29 0.34151259 0.39140890 0.31232733
30 0.19637683 0.30077239 0.199199933
31 0.21277994 1.73015742 0.293037866
32 0.12139651 1.33393457 0.272173217
33 0.38279889 0.78139463 0.479549924
34 0.13075587 1.28434429 0.223687862
35 0.48985633 0.42124266 0.105036983

299




36 3.25033422 2.18691757 0.076293529
37 0.64491942 1.52199928 2.906875681
38 0.08837190 0.43515112 0.041516429
39 0.81222330 10.29562667 0.694154293
40 1.54616609 2.10102660 1.35766883
41 2.07258192 1.32201069 0.330829513
42 3.76319238 0.86889203 0.455540669
43 1.34039060 3.53237966 0.043864804
44 0.06226024 1.20328841 1.028008183
45 0.51168695 2.25923760 0.482198484
46 0.04323902 0.55939547 1.635296871
47 0.45075503 0.24553269 7.417929416
48 0.37131991 2.64878381 0.122321282
49 3.22560240 0.38097080 0.27185101
50 0.54031347 1.38010238 0.1382245
51 2.55366788 3.54688765 0.116994786
52 0.60900398 0.14177930 0.124615114
53 0.31027258 0.20435303 1.717077093
54 1.16866517 1.40357770 0.160760244
55 0.74155643 5.98449730 0.059991709

300




56 0.18112923 4.79235211 3.614096737
57 0.04362629 1.15037946 0.059116256
58 1.23639168 0.16409679 0.857185472
59 0.17031217 0.26878457 0.074555124
60 0.13104571 0.53125262 0.920588362
61 0.44889021 0.17169043 1.813604157
62 0.26328813 0.30554930 0.8424736
63 1.52450194 0.91699240 0.241406153
64 0.74096243 2.89114929 2.537387118
65 3.87455227 0.28789811 0.711443557
66 1.76428392 1.54434452 0.116091433
67 0.07416061 0.40183329 0.83175197
68 0.13135851 1.20888673 0.892132413
69 3.20218661 1.38071618 0.09933307
70 1.87143470 3.63954061 0.263964091
71 0.33772406 0.82248992 0.499975982
72 0.09663565 0.53638554 0.036709757
73 0.61930070 0.26828044 2.178724527
74 0.16025359 0.85934697 0.252828464
75 0.83194014 1.90748632 0.313950361

301




76 0.94190305 1.79035199 0.408955725
77 0.13786683 0.33315202 0.251118628
78 2.85205570 1.88750578 0.065765714
79 0.99486324 1.82885280 0.190983116
80 1.56551021 1.99947884 0.925596536
81 1.07691867 4.08566779 0.162868062
82 0.08069494 2.44054806 0.095094875
83 0.65835385 1.05840204 0.531821801
84 0.39309250 2.97285550 0.075120318
85 2.03943809 7.52352702 0.317410026
86 0.63015178 0.46232930 0.206063891
87 1.89742383 1.93945774 0.518564327
88 0.95075581 0.58822892 0.022316379
89 2.58119276 0.11996437 0.044581446
90 0.05478887 1.02303756 0.707109484
91 0.21046318 5.78459016 0.195632037
92 0.32442232 2.68787017 0.222746215
93 0.53432381 1.02675241 0.433973924
94 0.40751384 4.30875781 1.513254405
95 0.88157228 1.24928909 1.692216145

302




96 0.18415672 2.43556976 0.610071825
97 0.46989431 2.90918539 0.279809867
98 0.10234195 0.17365619 0.055701281
99 0.32724018 0.82521144 0.34655359
100 0.35320414 0.78686185 0.506961054
101 0.51068584 3.13662452 3.960717825
102 0.59856672 0.65516670 0.131774197
103 0.13072227 0.40181180 0.268768399
105 0.43910744 0.59846115 0.593354637
106 0.15829619 1.03842063 0.780176482
107 0.70241802 1.87974220 0.110712168
108 0.15182835 0.85192676 0.129787923
109 0.59889407 2.72280234 0.499385885
110 1.78318822 0.89454129 1.154809817
111 1.07631798 0.95601054 0.241043821
112 0.40153115 0.54415118 0.051516127
113 0.02815598 1.23069547 0.446305852
114 0.64764268 0.11463963 0.107924963
115 0.26721838 0.61237211 1.085203196
116 0.18457873 0.19267207 0.118480199

303




117 0.40894361 5.03720214 0.210125904
118 0.17103617 0.19438372 0.755149135
119 0.53366290 3.14510281 0.217562678
120 0.17930622 0.51843619 0.672885914
121 0.80387224 0.37897127 0.011475211
122 0.43465325 0.35576295 0.136729255
123 0.22080784 0.30593713 0.043197502
124 0.62793110 1.69931474 1.521308529
125 0.79617895 4.78285477 1.925767157
126 0.44419591 0.31779139 0.087121741
127 0.79213801 2.26709213 3.403829278
128 0.13279965 4.22059510 0.438798598
129 0.21088539 1.64582378 0.013644003
130 0.04145692 1.55952702 0.415316533
131 0.07168220 1.38854581 2.517931014
132 1.40888386 0.21477526 0.00273826
133 0.79053386 0.25926460 0.152886324
134 0.73211808 0.54343253 1.163309298
135 0.17185339 7.64142350 0.041926694
136 0.01779343 0.16235861 0.093548746

304




137 0.84648014 0.68415324 0.466578872
138 0.60020551 0.29831343 3.44548592
139 0.84700359 0.92575061 0.32276842
140 0.69262795 3.35270873 0.09837888
141 0.11465457 4.20554481 0.017945857
142 2.21197931 2.15924021 3.887125441
143 2.15062069 0.30310117 0.239100819
144 0.46065926 1.24691551 0.534615106
145 0.18939230 6.23054801 1.510818525
146 1.28177588 1.18927951 0.038796291
147 2.26618620 0.20718481 0.242914168
148 0.03263280 0.55838301 1.631319583
149 0.29087262 1.57473002 0.184678632
150 0.19188165 0.40471059 0.430830865
151 0.13194155 1.05451923 1.407523794
152 2.47281109 1.66835651 0.033388513
153 1.25671613 0.81724850 1.175600625
154 1.86454968 4.70370977 0.963256259
155 0.18648460 2.47846623 0.225195054
156 0.40203034 3.08634632 0.421199536

305




157 1.07768431 2.61958950 0.319451171
158 0.31686057 0.13983014 0.054525055
159 1.68230551 4.09014985 1.984136246
160 0.00047856 0.35668660 0.898044463
161 0.53755077 0.61301111 0.854248052
162 0.79900359 0.12451518 0.246712162
163 3.43480606 2.98818159 0.504166866
164 0.06003685 0.53309555 1.368401089
165 0.40842342 0.45383994 0.200946597
166 0.82693208 3.15914889 1.215884467
167 0.59224622 1.12812423 1.173511058
168 0.19701671 0.97199825 1.921430151
169 0.16482923 1.29292514 0.086314164
170 0.09315410 2.58913645 0.586891828
171 0.35461533 1.67820726 0.115984942
172 0.26505199 17.03012161 0.125037023
173 0.78794708 0.75913491 0.121708958
174 0.32299723 0.44607278 0.131675004
175 0.75630485 2.05229154 1.02032642
176 0.37404651 6.25620493 0.127052399

306




177 1.34116535 1.63016117 0.768257351
178 2.00254617 1.93651654 0.980668452
179 0.77159445 1.11783820 0.34942106
180 1.63056190 1.12885924 0.269292804
181 0.10585110 2.74628822 0.008614073
182 0.77303699 4.28839610 0.04629995
183 0.03121388 0.86433498 1.77428432
184 0.57009585 0.23789099 1.679834172
185 0.42753621 0.98441063 0.369929818
186 0.29751355 0.36510059 0.461766989
187 0.31303198 1.62060004 0.013355976
188 0.40400903 0.41350437 2.300840098
189 0.08186654 2.73321913 0.62299901
190 1.05520169 1.12934364 0.470521578
191 0.74286882 1.42093254 0.03878651
192 0.22923693 2.07528363 0.241434356
193 0.10700162 0.19721541 1.388039098
194 0.24789712 0.81819813 0.267736444
195 0.17932864 0.57109599 0.814686448
196 0.24235372 0.23229695 0.044934092

307




197 0.14725233 0.47056014 0.970164122
198 0.12576210 0.39920535 0.649982486
199 0.37202443 2.43888966 0.53422574
200 0.73537734 0.69640816 1.909356457
201 6.01748866 1.38979720 0.539720107
202 0.02961957 2.21799351 0.059884643
203 0.38141300 2.12621456 0.090535429
204 0.24459443 0.28798802 0.095282516
205 0.09133692 0.27951760 0.530991739
206 1.49629421 0.40040793 0.479005628
207 0.97781919 1.05931530 0.397668248
208 0.75295829 0.24123646 0.881321318
209 2.44611297 0.79875033 0.816830451
210 0.54339083 0.27425789 0.139891616
211 0.14281051 1.06527624 0.303906073
212 1.06487855 0.88725666 0.004509072
213 0.15264394 2.03435934 0.102758722
214 1.18033403 0.16319779 0.03048856
215 0.14763919 0.57356420 0.273997839
216 2.09403564 0.22872618 1.55309325

308




217 9.57745590 0.95133686 0.82610136
218 0.01871774 2.08952499 0.022149758
219 0.08995686 1.10866802 0.410745154
220 0.41540014 0.09152781 0.539273262
221 0.02518734 6.36163207 0.00065461
222 0.40467498 0.37176404 0.065683293
223 0.97809531 0.22312335 0.879679188
224 0.17718544 0.44975770 0.513522686
225 0.24622601 0.26757714 0.05042962
226 1.76934989 0.68745269 1.042164513
227 0.05045471 2.74183432 1.319142302
228 1.06507442 0.17545266 0.048127414
229 0.62564463 2.66112486 0.544616766
230 0.15521399 0.23063344 0.25029058
231 0.51784268 2.09431157 0.068409313
232 0.04979541 1.69496164 1.50899051
233 0.84954189 0.68747272 0.358523024
234 0.03907693 0.23504653 0.79306084
235 0.17149481 1.01582546 0.436109326
236 0.24727987 1.02154051 0.527867513

309




237 0.87039243 0.59803342 0.108674325
238 0.63356625 0.40843038 2.025000286
238 0.25030953 1.10386271 1.493206416
240 0.07124957 0.90267625 0.517360819
241 1.08102549 0.46463054 0.186628787
242 0.11366815 0.27480502 0.590366145
243 0.70214906 0.95567101 0.841281153
244 0.19462643 1.48449718 1.51699293
245 0.30341009 0.64603117 2.298295465
246 1.80546867 0.32645713 0.563846157
247 0.07897385 0.59847241 0.127327968
248 0.27715765 2.40973779 0.684328844
249 1.54664335 0.34140962 0.806031775
250 3.60701156 1.57111199 0.19963294
251 0.97176254 2.59683692 0.079729204
252 0.10528723 3.07220474 0.196727114
253 0.27457067 6.59910009 0.344807463
254 0.35534392 1.21956492 0.293216235
255 0.84752920 0.33518183 0.310568105
256 0.21255843 4.92993628 0.585681068

310




257 0.86057365 2.40984003 0.372995431
258 1.74656717 0.47179999 0.247240446
259 0.13944147 1.40300391 0.174232492
260 0.44927360 6.63520124 0.146644169
261 1.74706967 0.56482170 0.254423258
262 0.23955763 1.96067234 1.570222293
263 0.85629457 2.68618575 0.120132041
264 0.78634930 1.54758391 0.548820874
265 0.11253450 3.83776768 0.412273745
266 0.18499983 0.66692447 0.20731866
267 1.12544076 0.49037665 0.254956272
268 0.43130657 0.59819781 0.591982738
269 0.18624099 2.57782076 0.149907603
270 1.90125860 0.16410962 0.444761201
271 0.20535999 1.78996861 0.961716836
272 0.19867348 1.55128823 0.150153235
273 0.25157710 0.75263413 3.260151231
274 0.95158029 0.69386094 0.341167222
275 0.30641354 0.34664135 2.677087438
276 0.30516122 2.45396568 0.063511941

311




277 0.38818921 0.82027740 0.595650911
278 0.22214933 0.19046257 0.366056746
279 0.22765289 0.15136198 0.16823646
280 0.74556582 1.15439861 0.747598646
281 0.90779349 4.18751020 0.11947864
282 0.35757098 2.36095348 0.002224461
283 0.20355420 0.30385216 0.437637487
284 0.98324198 1.51195690 0.221801619
285 0.16877153 1.31162604 0.49137328
286 0.65859012 0.13660847 0.33245213
287 1.09662446 0.20774014 1.442783667
288 0.54675571 0.24914136 4.00734891
289 0.04374754 4.51541703 0.960045456
290 0.76841615 3.04523823 1.123683126
291 0.88660279 1.65879891 1.449708595
292 0.07721682 0.44670541 0.226720099
293 0.70544406 3.70323148 6.836891388
294 0.58069128 0.52903986 0.283820943
295 0.86314783 0.32533214 0.451998466
296 0.51890171 1.99250283 0.167313091

312




297 0.58998375 0.99701643 1.14283099
299 3.33142369 6.24784049 0.141576695
300 1.20430045 2.00856217 0.45254145
301 1.08569800 1.31221829 1.752067517
302 1.32654468 10.38912569 0.045428899
303 0.27367748 0.32587098 0.430370136
304 0.14369209 0.48726634 0.096268434
305 1.31068275 0.40525094 0.365767675
306 0.00918309 1.52819967 0.001667149
307 0.16919029 0.59476092 0.27244028
308 0.18216295 0.24663836 0.501592468
309 0.53452838 2.79937180 1.587758529
310 0.23349925 2.21839758 0.370558283
311 0.28260205 0.99721964 0.321717074
312 0.37472961 1.04907136 0.276654209
313 0.12887991 1.05987695 0.176656327
314 3.08573306 2.08586219 5.016010221
315 0.02161575 1.36374140 0.132710963
316 0.13901462 1.06617562 0.841035102
317 0.10893696 1.10300865 0.157909462

313




318 0.58955827 0.89885599 0.053243013
319 0.09553340 2.82548766 2.471239623
320 0.34241787 0.43503367 0.321029643
321 0.19818960 0.92234355 0.302431316
322 3.53447438 1.65176425 0.044000995
323 0.57724749 1.72967689 0.353912369
324 0.57870934 2.65123314 0.160400424
325 0.33871542 0.54143174 1.873099001
326 1.95485149 0.24549651 0.104157583
327 0.02605724 0.70140404 0.266978771
328 0.55490752 1.52589832 0.081724062
329 0.89561721 0.70478847 0.132249464
330 0.89657432 3.80064683 0.183552662
331 0.28632838 0.27403839 0.006669027
332 0.91360167 1.40751554 0.279131936
333 0.59242111 0.47631271 0.137748746
334 0.40156514 0.40264970 0.224982852
335 0.42248512 0.19325553 0.582176453
336 0.56932687 0.56542882 0.174434319
337 0.34023249 4.17816706 0.151778682

314




338 0.54989998 0.19542999 0.00191215
339 0.42852783 0.89083274 0.260283455
340 1.32542443 4.81960901 0.3623419
341 0.09828439 0.25926016 0.129878315
342 0.14890401 0.29621231 0.657549491
343 0.21517857 0.56777262 0.3670403
344 0.44792342 1.57850818 0.557043737
345 1.91318414 0.66539878 0.107246626
346 0.49136780 1.77737555 0.640267292
347 0.21474352 2.21251946 0.011319538
348 0.33141807 0.32820660 0.063375334
349 0.40914394 5.82371829 1.178469838
350 1.17516933 0.28381033 0.82619131
351 1.64995610 0.85055410 1.182815088
352 2.48971768 1.38558360 0.245846807
353 9.03621796 3.79828431 0.029869299
354 0.26167533 0.94513068 0.285016286
355 0.34126050 0.84332345 0.798830724
356 0.06170160 0.26479142 3.19802787
357 0.25818622 0.39473593 0.894404212

315




358 0.82586270 9.04834147 0.179705745
359 0.17028331 2.28871163 0.454033707
360 0.13605424 0.14847523 0.16162541
361 0.31802186 0.50548431 0.197792103
362 0.76375066 7.73710310 0.894550107
363 1.01209298 0.61667414 2.589570704
364 0.27109805 3.36298044 0.03595957
365 0.22518697 9.01104214 0.325080385
366 0.13653674 2.34522137 1.00378985
367 0.27217091 1.23286113 0.125767974
368 0.05424623 2.82353228 0.285139398
369 0.16329331 3.33316414 0.313721293
370 0.13330512 1.69034230 0.179678605
371 0.50456528 2.58549529 0.728181267
372 1.13718485 0.68579960 0.607849201
373 0.15523913 0.21575964 5.096413961
374 0.20664016 2.78286742 0.540586093
375 0.52280086 6.13357725 0.162790368
376 1.27627087 15.44421020 0.840043024
377 0.62369588 0.84987974 0.315498025

316




378 0.79861675 0.56847264 0.278834089
379 0.20973540 0.06020366 0.450037057
380 4.34122778 0.75505265 0.331847258
381 0.78982795 4.08601831 0.192500261
382 0.10784826 0.41263735 0.301159779
383 0.34407466 3.54866436 0.7965799
384 0.42000887 1.19179713 0.622757793
385 0.37603629 0.26829133 0.445675109
386 0.27162189 4.29112871 0.157958195
387 0.19254176 6.19195642 1.326683965
388 0.48823364 0.39713408 0.75777176
389 0.02611314 2.92562251 0.105643089
390 0.06987419 0.94074961 0.207642332
391 0.44969000 2.66973077 0.747662899
392 0.60075253 1.21588939 0.329808602
393 0.23273315 2.26465814 7.778514973
394 0.19280216 0.71396448 0.779040676
395 0.24760980 1.13413514 0.193174101
396 5.99300615 0.30263331 0.345733577
397 0.09991067 0.21104123 0.318775728

317




398 1.88537740 1.12824998 0.556164483
399 0.15642479 0.67232382 0.575037344
400 0.14549787 0.36770580 0.669600246
401 0.53584853 1.20599874 1.312124573
402 0.21886968 0.60187508 2.980220832
403 0.63184577 0.74732237 0.770121458
404 0.02842339 1.68995491 0.012021442
405 0.02716738 3.44727248 0.911936579
406 0.96782194 0.79145874 0.110290914
407 0.98320073 0.12851294 0.517088183
408 0.08376161 5.66512142 1.478537021
409 0.21351212 0.74938149 0.412132391
410 0.87152294 1.91053470 1.492592251
411 0.57733305 2.23378261 0.119675424
412 0.39211634 2.79347097 0.058237516
413 0.24395502 2.15465844 3.635197748
414 0.30815820 1.99954125 0.896896315
415 1.04544449 0.13576431 0.123175552
416 0.51731922 3.61698259 0.069768677
417 0.31172480 5.16336253 0.530203693

318




418 0.05247353 2.13942790 0.932487906
419 9.73508196 0.58023120 0.994447098
420 1.30066391 1.11682190 1.408243202
421 1.08553949 1.13331994 0.355518821
422 0.31358866 3.14362203 0.076891131
423 0.42040587 1.93153956 0.290480873
424 0.07584407 0.28979047 1.165262678
425 1.29287429 3.15075598 0.160033485
426 0.57697241 0.36353309 0.04603112
427 0.11772265 0.31905305 5.331809104
428 0.61336005 1.78216039 0.99820578
429 0.39712836 1.91681366 0.450432677
430 0.25592198 0.65304285 0.059056074
431 5.09888618 2.76857894 0.116030473
432 0.78461302 0.69790731 0.199001132
433 0.56780976 0.77775902 0.022571879
434 0.84963276 1.10636844 0.563705318
435 0.21131740 5.35563472 0.740226149
436 0.27420183 1.12139760 0.185889592
437 0.14276108 1.38867199 0.093156624
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438 0.17969234 0.56611969 0.468405863
439 0.50168250 0.33083003 0.261753933
440 0.68941542 1.01923359 0.215215492
441 0.13810589 3.03403006 0.29151078
442 0.20887297 6.89851445 0.428740181
443 0.26296315 0.34859071 0.035817189
445 0.55641283 1.07385139 0.694282727
446 8.89748169 0.12962506 0.169457225
447 0.22890220 1.43838971 0.374032813
448 0.17414176 0.46017908 3.163588846
449 2.90673438 1.52316861 0.138133688
450 0.25920218 0.65149469 1.080745284
451 0.47297721 0.88867878 0.279218667
452 3.18906780 0.28385492 0.336128618
453 2.56718954 0.40604416 0.675911759
454 0.33054260 7.04227133 0.004710845
455 0.21631004 1.62455751 0.045663728
456 1.84212248 1.47986634 0.172505229
457 0.01833051 0.88057781 0.211693862
458 0.03789979 0.78168238 0.682475123
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459 0.21630776 2.31976378 0.806584913
460 0.81437124 3.92694092 0.30668026
461 0.14528704 1.51233633 0.291092328
462 0.43931314 0.42169408 0.360672767
463 0.77593369 1.97753900 1.347410434
464 3.82453698 3.73951710 0.906535164
465 1.98861586 0.57135186 0.244699341
466 0.32631637 0.17679264 0.200709005
467 1.30359123 0.52279400 0.050516974
468 0.18850638 0.26164968 0.070459349
469 0.11400699 0.94282367 0.079839076
470 0.01379535 0.51772371 0.095984328
471 6.07409672 4.14938127 1.064162546
472 0.12308232 0.69394268 0.563894884
473 0.52669569 1.54530047 1.120293727
474 0.21694499 0.29518059 0.32735723
475 0.53426852 0.70401008 0.020552617
476 0.82025649 0.51890314 0.24155013
477 2.02380448 1.57238776 2.341904953
478 0.15430252 2.42630605 0.116239509
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479 0.26115560 0.34144338 0.877943406
480 0.22423829 0.29477961 0.27804542
481 0.20049621 3.71398081 0.606552794
482 0.22551287 0.33167872 0.530803421
483 1.45929652 3.95278910 0.104361391
484 0.06975176 0.22652804 0.422460176
485 0.74941313 1.68574776 0.15731098
486 0.55729247 0.59084364 1.129788044
487 0.56375736 4.45682110 0.607173241
488 1.20969358 1.19676004 0.346999385
489 0.62752189 1.52339134 3.87456085
490 0.22624496 1.05137041 0.006714015
491 0.43705469 1.41472621 0.291378639
492 0.24114417 1.01621406 0.886578827
493 8.11488721 0.18866993 1.914292758
494 2.26331767 0.70742105 0.562467685
495 0.49848505 1.06063541 0.191849989
496 2.37583495 0.44644107 0.948950391
497 0.18696992 0.89571792 0.876601724
498 1.93980465 0.62477158 0.139499484
499 0.11293445 0.75853447 0.193851784
500 0.18490648 0.74377931 1.283982925
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The illustration below shows the graphical representation of the Metropolis-within-Gibbs
sampling before and after burn-in, alongside with the histogram of each posterior estimate
for all the sample sizes considered, the figures labeled sampled beta jrepresent the before

burn-in while the parts labeled final beta ; represent the after burn-in process.

For Cobb-Douglas production with additive error term, when the production function

APPENDIX C

GIBBS TECHNIQUE

assumed a constant returns to scale that is ( 3,(0.85), 3,(0.15))

Figure 1.0: Summary of metropolis
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Figure 1.2: Summary of metropolis-within-Gibbs draw for 3, and g, at N=100
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Figure 1.3: Summary of metropolis-within-Gibbs draw for 3, and g, at N=500
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For Cobb-Douglas production with additive error term, when the production function
assumed a increase returns to scale that is ( 3,(0.90), 3,(0.20) )

Figure 2.0: Summary of metropolis-within-Gibbs draw for s, and g, at N=50
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Figure 2.1: Summary of metropolis-within-Gibbs draw for 2 and g, at N=100
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Figure 2.2: Summary of metropolis-within-Gibbs draw for 4, and g, at N=500
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For Cobb-Douglas production with additive error term, when the production function
assumed a decrease returns to scale that is ( 4,(0.65), 3,(0.15))

Figure 3.0: Summary of metropolis-within-Gibbs draw for s, and g, at N=50
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Figure 3.1: Summary of metropolis-within-Gibbs draw for 2 and g, at N=100
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Figure 3.2: Summary of metropolis-within-Gibbs draw for 4, and g, at N=500
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